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Upper Approximation Reduction in Ordered Information
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Abstract: Attributes reduction is one of the most important problems in rough set theory. In this paper, the

concept of upper approximation reduction is constructed in ordered information systems with fuzzy

decision. Moreover the judgment theorem and discernability matrix are obtained, in which case one can

provide an approach to this reduction in ordered information systems with fuzzy decision. As an

application of upper approximation reduction, examples are considered to illustrate the validity of some

results obtained in our works.
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1. Introduction

Rough set theory, proposed by Z. Pawlak in
the early 1980stY, is an extension of classical set
theory and can be regarded as a soft computing tool
to deal with uncertainty or imprecision information.
It was well known that this theory is based upon the
classification mechanism, in  which case the
classification can be viewed as an equivalence
relation and knowledge blocks induced by the
equivalence relation be partition on universe. For
this reason, it has been applied successfully and
widely in  pattern  recognition®,  medical
diagnosist® ,granular computing®* and so on.

Attributes reduction, as one important portion
of rough set researching, its main idea is not only
to delete redundant attributes but also the

classification ability of database to be not changed.

But there exist many information systems in which
the relation is not equivalence relation because of
various reasons, such as noise or information losing.
Hence, how to deal with this type of information
systems has became a very hot topic in rough set
theory. Many experts have researched attributes
reduction by extending the equivalence relation to
consistent relation, similar relation and dominance
relation® ") and so on. Some useful works have been
done in dominance relation based information
systems 19,

At the same time, for decision makers, there
may exist one case in that the decision objects are
not certain or precision but fuzzy. So the fuzzy
decision making must be take into consideration.
Our work in this paper is to consider the attributes
reduction in ordered information systems with fuzzy
decision. Firstly, concept of upper approximation
consistent set is proposed by comparing decision

This paper was recommended by CRSSC-CWI-CGrC’2010.

attribute values. What is more, upper approximation
reduction and judgment theorem is introduced, from
which one can define the discernability matrix and
find that it is an useful approach to attributes
reduction. As an application of upper approximation
reduction, examples are considered to illustrate the
validity of some results obtained in our works.

The rest of this paper is organized as follows.
Some preliminary concepts required in our work are
briefly recalled in section 2. In section 3 the upper
approximation reduction in this information systems
is investigated. The discernability matrix and
reduction approach are defined in section 4. Section
5 concludes the paper.

2. Information System with fuzzy decision

In this section, we shall begin our work with
some necessary concepts required in the sequel of
our work. For more detailed description of the
theory, please refer Refs.[11, 12].

Definition 2.1 An information system is a quaternion
I =U,AUD,F,G) ,Where

U ={u,,u,,...,u,} issetof objects;

A ={a,,a,,...,a,} Issetof conditional attributes.

D ={d} is set of decision attribute.

F={fl U -V, k< p}is relation set of u and
A,andv, ={f, (u,)lu, eu} isthe domain of a, < A.
G ={dl U - v, } Is the relation set of u and b,
and v, ={d(u;)|u, eu} isthedomainof depD .

Information system with fuzzy decision is that the
decision value of objects is expressed as fuzzy form,
i.e.forany u,eu, d(u,)e[0,1]
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Definition 2.2 Let 1=w,AUD,F,G) be an
information systemand B c A, if denote

Ry ={(u,u;)eU xU | f (u)< f (u;)Va eB},

then r; means a dominance relation on u relate to
B, in which case the information system is called

ordered information system and denoted by 1= . If an
information system is based on dominance relation
and the decision value of objects is fuzzy, then the
information system is called ordered information
system with fuzzy decision.

For convenience, the notation 17 is used to

express ordered information systems with fuzzy
decision, in which case the dominance class of any

u, eU isdenotedasfu;1; ={u;l(u;,u;) eRy}.

Proposition 2.1 Let 17 be an information system

ande c A.

(1) r; s reflexive, transitive, but not symmetric, so
it is not an equivalence relation.
(2)Ife, = B, = A, thenr; < R, < R;.

(3)Ife, c B, c A, then[u,T; < [T, < [u,1; -
(4) If uje [u,]5 , then [uj]i c ;-
Definition 3.1 For an information systemi; , the

lower and upper approximation set of b relate

to A is denoted by ﬁ and A respectively. And
their membership function are defined by

Ap (u) = mingd (u;) uj e[},

Ap (u) = max{d (u;)l u;e[ul}.

Example 2.1 Consider an ordered information system
with fuzzy decision in Table 1.

Table 1.
) 1 s s d
1wy 1 2 1 0.5
s 3 2 2 0.3
uz 1 1 2 0.7
1y 2 1 3 0.9
s 2 3 2 0.1
g 3 2 3 0.6
By computing we have that

d(u,)=05 d(u,)=03

d(uy) =07 d(u,)=0.9

d(ug)=0.1 d(ug) =0.6

112

[u, 15 ={u;,u,,ug,ug}

[u 15 ={u,,us,ug}
[uyTn = {u, Uz u, ug,ug}
[u 15 ={u,.ug}

lug 1, = {us}

[ugly = {ug}
So we have that

. 01 01 01 06 0.1 0.6
Ap =—+—+—+—+—+—
— U u, U, u, Ug Ug
-~ 06 06 09 09 01 0.6
Ag = —+—+—+—+—+—.

u u

1 2 3 4 5 6

3. Upper approximation reduction of ordered
information system with fuzzy decision

Since dominance relation is not the equivalence
relation, the approach to attributes reduction in
original information systems is not fitted for
ordered information system with fuzzy decision.
Therefore, the upper approximation consistent set is
constructed and upper approximation reduction is
defined, from which the judgment theorem is
introduced.

Definition 3.1 Let 17 be an information system

ande c A. IfAS (u;) =B (u,) for anyu, cu , then
B is called upper approximation consistent set of
this information system. Moreover, if any proper
subset of 8 is not the upper approximation set, then
B is one upper approximation reduction of this
information system.

Example 3.1 (Continued from Example 2.1) If take

B ={a,,a,}, We will have that [u,1, =[u;1; holds

for u; cu . Hencea] (u,) =B, (u,), that is to say
{a,,a,} IS One upper approximation consistent set.
Moreover, if takec = {a,,a,}, then we have
[ullé ={ug,uy,ug,ug}
[Uz]z ={u, us,ug}
[U3]€ ={up Uy, ug,uy, UG, UGY
lugde = €U, Uy U506}
lugls ={us}
[ue]g ={u,.ug,ug}
~—~ 06 06 09 09 0.1 0.6
b=t —t+t—+—F —+— =
ug u, Us
Hence, {a,,a,} is also one upper approximation

consistent set.
Moreover, we have that {a,}and{a,} are not

the upper approximation consistent sets by
computing and {a,} is the upper approximation

consistent sets. Hence we conclude that this

O Iy

u, Ug U,
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information  system has only one upper
approximation reduction{a,} .

In the next, the judgment theorem is proposed.
Theorem 3.1 Let 17 be an information system

and Bc A Attribute set B is an upper
approximation consistent set if and only if for every

u,u;eu, if AS @) < Aj,) , then there exist
a e B suchthat f (u)> f (u)).
Proof. "= : Suppose that f, (u)< f (u;) for

every a, B When aj(u)<A;(u;) . SO we can

obtain u; e [u,1;, thatis [u;1; < [u;]; . By

B5 (u,) = max{d(u)l uelul3} and

B (u;) =max{d(u) uelu;lg},

we can have B, (u;) = B, (u;) .
Since B is upper approximation consistent set,

we have that Aj (u;)=Bg (u;)and Aj (u;) = B, (u;) -

So we can obtain Aj(u)= A (u;) . This is a
contradiction.

"< ": Suppose B is not upper approximation
consistent set, then there must exist one u, <u

such that Ag(uio)iBS(uio) So we have

thatg(uiv) < %wd according to Proposition 2.1.
Since %(uio) =max{d(u)l ue [uiu]g} , we take

uj e [uiu]g such that d(u; )= g(uio) = max{d (u)

| ue [uiu]g}. While we have knownujo c [uju]i ,

then we can have max{d(u) uefu; 1;3>du;) .

That is to say E(ujo) >d(u; ).

WehaveAg(ujo)z d(u; )= B;(ui0)> As(uio) .
So there exist a, < 8 suchthatf, (u, )> f, (u ). It
is a contradiction withu | « [u, 15 -

The theorem is proved. m

4. Approach to upper approximation reduction

In theorem 3.1, we proposed an equivalent
description of upper approximation consistent set,
in which case it can be used to estimate the attribute
set, which is an upper approximation consistent set
or not. In next, the concept of discernability matrix
is introduced first and reduction approach is
constructed immediately.

Definition 4.1 Let 1; be an information system

andpy ={(u;,u;) Ay (u;) < A (u))} . If denote

D. =

j{ak Al f(u)> f (U} (u,u,)eDy
f

|2 (ujuj)e Df,
then b, is called to the upper approximation

discernability attribute set between v, and u;.

From which ™, = (D (u;,u))) is the

uj,u;eu

discernability matrix of this information system.
Theorem 4.1 Let 17 be an information system

ande c A, B is upper approximation consistent
set if and only if BnD,(u,u;)-2 for all
(uju;)e Dy .

Proof. "= »: By theorem 3.1 we have that there
exist a, < B such that f (u;)> f,(u;) forqu, u))
e Dy, thena, ¢ b, (u;.u;), hencesn D, (u,,u;) =

.

"e": For (u,upep;, ifBno,u.u)=o ,
then there exist a, < B S.t. a, e D (u;,u;), thatis
f, (u)) > f (u;). By Theorem 3.1 we have that s

is an upper approximation consistent set ofa . O
Definition 4.2 For an information system 1; and

B< A, the upper approximation discernability
equation is denoted as

Fe =a{v{a] a, e D (u;,u;)}u;,u; eV}

J
=a{v{a,l a, e D, (U, uprujue Df} l

Theorem 4.2 Let 17 be an information system

and the minimum alternative normal form is defined

p
as E, = v (8%) . If take BY ={a,,s=1,2,...,q,}
=1

then {BY k=1,2,..,p} is the set with all its

elements have the upper approximation reduction
form.

Proof. For any (u,,u;)e Dy, by the definition of
minimum alternative normal form, we have that
B¥ is upper approximation consistent set. If one

p
element of 8% in F, = v (8Y) is deleted, in

k=1

which case B becomes BY (), there must exist
(u, u;)eDy SLBI(N D (u u;) =2 . SO
BY () isnotan upper approximation consistent set.

Hence 8¢ is an upper approximation reduction.
Because ™, includes all o, (u;,u;), there is not
upper approximation reduction with other forms.
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Example 4.1 (Continued from Example 3.1-3.2)
By computing we have that

Table 2.
U Uy Us Uz Uy Uz Ug
N 0 0 az az 0 0
Us 1] 1] ay,as as 0 1]
ug 0 0 (] 1] (1] 0
iy 0 0 0 1] 0 0
Us ay, 6y, 3 ag a1, ay aq,as 1] g
g (] [ ay,as ay, as 0 0

Hence,E, = (a, va,va,)r{a,}r{a, va,}l=a

21
that is, {a,» is the one and only upper

approximation reduction, from which we have that
the conclusion of this Example is consistent with
Example 3.2.

5. Conclusion

Attributes reduction, as one research problem,
has played an important role in rough set theory.
However, most of information systems are based on
dominance relations because of various factors. To
acquire brief decision rules from inconsistent
ordered information systems with fuzzy decision,
attributes reductions are needed. The main aim of
this paper is to study the problem. In this paper, the
upper approximation consistent set is constructed
and approach to attribute reduction in ordered
information system with fuzzy decision is proposed.
Moreover, the judgment theorem of upper
approximation consistent set is obtained and some
useful works are done in detail.
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