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HIGHLIGHTS

« We propose a novel information fusion method for multi-source ordered decision systems.

» The method uses a dominance-rectangular neighborhood rough set to evaluate attributes.

« Attributes from different sources are graphed with dependencies as path weights.

« Combining rough sets with an adjacency matrix significantly improves computational efficiency.

ARTICLE INFO ABSTRACT

Keywords: With the increasing size and complexity of data, information fusion has emerged as an effective approach to
Graph-driven information fusion retain valid information in multi-source decision information systems. This study proposes a novel information
Dominance-rectangular neighborhood fusion method for multi-source ordered decision information systems. The method significantly reduces the com-
Rough set

putational cost of rough sets through the use of rectangular rough sets. Compared with existing information
fusion algorithms which focus on the traditional neighborhood rough set, this paper addresses the gap in how to
represent distance relationships between samples without requiring large computational resources for distance
calculation. The novelty of this method, mainly includes the following: i) This algorithm implicitly stores the dis-
tance relationships between samples by constructing a binary tree instead of using the traditional neighborhood
rough set which requires calculating the distance between a sample and all other samples, thereby consuming
substantial computational resources. ii) By using graph theory, the uncertainty of attributes can be stored, and this
algorithm can represent the superiority relationship between attributes through the convergence of the infinite
series of the graph matrix. Finally, the effectiveness and efficiency of the proposed method are validated through
comparisons with seven other methods, including three common methods (Min, Mean, Max), on 12 datasets.
The results demonstrate that the proposed method achieves substantial improvements in both effectiveness and
efficiency.

Multi-source information systems

1. Introduction Uncertainty metrics are a common tool for data analysis and knowl-
edge discovery, which are often used to obtain valid data in information
systems by analyzing data with uncertainty [1,2].

With the size and scale of data increasing, multi-source information
systems are becoming an important data form that contains more in-
formation than traditional single source information tables. There are
various applications of multi-source information systems: the urban
flooding risk assessment using multi-source data [3], the diagnosis of

With the development of information technology in today’s society,
more and more novel information technologies have been developed,
such as big data, cloud computing, 5G communication and so on.
However, the scale of data processed in social life is increasing, and
the sources of data are becoming more and more abundant, which un-
doubtedly brings great challenges to data analysis and data mining.
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$O(n^2)$


$O(n^2)$


$O(nlogn)$


$DIS = (U, AT, V, f_{AT},D)$


$U = \{x_1, x_2, \ldots \ldots , x_n\}$


$AT = \{a_1,a_2, \ldots \ldots , a_m \}$


$f:U \times AT \Rightarrow V$


$D$


$f(x,a_m)$


$a_m \in AT$


$f(x_i,a_m) \preceq f(x_j,a_m) \Longleftrightarrow x_i \preceq x_j$


$\forall a_m \in AT, a_m$


$ODIS = \{U, AT, V, f_{AT}, D\}$


$MS-ODIS = \{(ODIS_{i} | ODIS_i = (U^i, AT^i, V^i, f_{AT}^i,D),i=1,2,\ldots \ldots ,p\}$


$DIS = (U, AT, V, f_{AT},D)$


$U = \{x_1,x_2, \ldots \ldots ,x_n\}$


$AT = \{a_1,a_2,\ldots \ldots ,a_m\}$


$B \subseteq AT$


\begin {align}\label {eq:1} R_B = \{(x,y): U\times U\}.\end {align}


$R_B$


$R_b$


$\forall X \in U$


$R_B$


\begin {align}\label {eq:2} \underline {R_B}(X) = \{x\in U | {[x]}_{R_B} \subseteq U\},\end {align}


\begin {align}\label {eq:3} \overline {R_B}(X) = \{x\in U | {[x]}_{R_B} \cap U \neq \emptyset \},\end {align}


${[x]}_{R_B}$


${[x]}_{R_B} = \{y|(x,y) \in R_B\}$


$B$


$dis_B(x_i,x_j)$


\begin {align}\label {eq:4} dis_B(x,y) = \frac {\underset {\forall a \in B}{\sum } {(f(a,x) - f(a,y))}^2}{|B|},\end {align}


$|B|$


$B$


$x, y \in U$


\begin {align}\label {eq:5} dis_B^{nor}(x,y) = \frac {dis_B(x,y)}{max(dis(x,x_k))},k = 1,2,\ldots \ldots ,n.\end {align}


$x_i$


$x_i$


\begin {align}\label {eq:6} DNR_B = \{(x,y): U\times U | dis_B^{nor}(x,y) < \alpha \wedge f(a,y) > f(a,x), \forall a \in B\},\end {align}


$\alpha $


\begin {align}\label {eq:7} \underline {DNR_B}(X) = \{x\in U | {[x]}_{DNR_B} \subseteq X\},\end {align}


\begin {align}\label {eq:8} \overline {DNR_B}(X) = \{x\in U | {[x]}_{DNR_B} \cap X \neq \emptyset \},\end {align}


${[x]}_{DNR_B}$


${[x]}_{DNR_B} = \{y| x DNR_B y\}$


$U/D = \{Y_1,Y_2,\ldots \ldots ,Y_d\}$


$ODIS = (U, AT, V, f_{AT}, D)$


$\underline {DNR}(X)$


$B$


\begin {align}\label {eq:9} AP_{DNR_B}(U/D) = \frac {|\overset {d}{\underset {i =1}{\sum }}\underline {DNR_B}(Y_i)|}{\overset {d}{|\underset {i =1}{\sum }}\overline {DNR_B}(Y_i)|},\end {align}


\begin {align}\label {eq:10} AQ_{DNR_B}(U/D) = \frac {|\overset {d}{\underset {i =1}{\sum }}\underline {DNR_B}(Y_i)|}{|U|}.\end {align}


$DIS = (U, AT, f_{AT}, D)$


$\forall B \subseteq AT$


$B = \{a1,a2,..,a_l\},1 \leqslant l \leqslant m$


$G = \{G_1,G_2,\ldots \ldots ,G_n\}$


$G_r(0\leq r \leq n)$


$U$


$G_r = \{ x_i|a_{1_{i-}} \leqslant f(a_1,x_i) \le a_{1_{i+}}, a_{2_{i-}} \leqslant f(a_2,x_i) \le a_{2_{i+}},\ldots \ldots ,a_{l_{i-}} \leqslant f(a_l,x_i) \le a_{l_{i+}}\}$


$a_{l_{i-}}$


$a_{l_{i+}}$


$G_r$


$G$


$G$


$r$


$G = <V,E>$


$V = AT = \{a_1, a_2, \ldots \ldots , a_m\}$


$E$


$N$


$w(i,j)$


$a_i$


$a_j$


$N$


$G$


$N(i,j) = w(i,j)$


$N$


$w(.,.)$


$a_i$


$a_j$


\begin {align}\label {eq:11} w(i,j) = \delta \times I_{ij} + (1 - \delta ) \times C_{ij},\end {align}


$I_{ij}$


$\delta $


$w(i,j)$


\begin {align}\label {eq:12} w(i,j) = I_{ij},\end {align}


$w(i,j)$


$M_1, M_2, M_3, \ldots \ldots , M_k, \ldots \ldots $


$M_k = m_{ij}^{(k) \in C^{m \times n}}$


$M_1+M_2+M_3+\ldots \ldots +M_k+\ldots \ldots $


$\sum _{k =1}^{\infty } M_k$


${(\mathbb {M})}^P$


$\sum _{k=1}^{P} M_k$


$P$


$\sum _{k =1}^{\infty } M_k$


$lim_{P \rightarrow \infty } \sum _{k=1}^{P} M_k$


$S = lim_{P \rightarrow \infty } \sum _{k=1}^{P} M_k$


$S = \sum _{k=1}^{\infty } M_k$


$\sum _{k=1}^{\infty } M_k$


$S$


$M^{(P)}$


$lim_{P \rightarrow \infty } m^{(P)}_{ij} = S_{ij}$


$U$


$ODIS = (U, AT, f_{AT}, D)$


$a_m$


$a_m \in AT$


$O(nlogn)$


$n$


$n/2$


$O(n+n/2+n/4+\cdots +1) = O(2n-1) = O(n)$


$O(nlogn)+O(n) = O(nlogn)$


$n$


$1$


$n/2$


$2$


$O(n)$


$O(logn)$


$O(nlogn)$


$ODIS = (U, AT, f_{AT}, D)$


$a_m \in AT$


$a_m$


$x_n$


$r$


$x_n$


$P_r^m(x_n)$


$r$


$m$


$AT$


$r$


$r$


$ODSI = (U, AT, f_{AT}, D)$


$P_r^m(x_n)$


$x_n$


$a_m$


$a_m \in AT$


$a \in AT$


\begin {align}\label {eq:13} DRNR_a^r = \{(x,y) \in U\times U | y \in P_r(x) \wedge f(y,a_m) \geq f(x,a_m)\},\end {align}


\begin {align}\label {eq:14} {[x]}_{DRNR_a} = \{y | (x,y) \in DRNR_a\}.\end {align}


$ODIS = (U, AT, f_{AT}, D)$


$U$


$r$


$U/D = \{D_1, D_2, \ldots \ldots ,D_r\}$


$a\in AT$


\begin {align}\label {eq:15} \underline {DRNR_a}(D_i) = \{x | {[x]}_{DRNR_a} \subseteq D_i\},\end {align}


\begin {align}\label {eq:16} \overline {DRNR_a}(D_i) = \{x | {[x]}_{DRNR_a} \cap D_i \neq \emptyset \},\end {align}


$D$


\begin {align}\label {eq:17} \underline {DRNR_a}(D) = \overset {r}{\underset {i = 1}{\cup }} \underline {DRNR_a}(D_i),\end {align}


\begin {align}\label {eq:18} \overline {DRNR_a}(D) = \overset {r}{\underset {i = 1}{\cup }} \overline {DRNR_a}(D_i).\end {align}


$a$


\begin {align}\label {eq:19} Pos_{DRNR_a}(D) = \underline {DRNR_a}(D)\end {align}


$ODIS = \{U, AT, f_{AT}, D\}$


$a_i$


$AT$


\begin {align}\label {eq:20} Imp(a_i) =\frac {|Pos_{DRNR_a}(D)|}{|U|}\end {align}


$I_{ij}$


\begin {align}\label {eq:21} I_{ij} = \max (Imp(a_i), Imp(a_j)),\end {align}


$Imp(a_i)$


$Imp(a_j)$


$O(n^2)$


$O(nlogn)$


$G = <V,E>$


$N$


$N$


$N_{ij} = I_{ij}$


$MS-ODIS = \{ODIS_i | ODIS_i = (U,AT^i,f_{AT}^i,D), i = 1,2,\ldots \ldots ,p\}$


$AT^i = \{a_1^i, a_2^i,\ldots \ldots ,a_m^i\}$


$a_m^p$


$\{a_i^1, a_i^2, \ldots , a_i^p\}$


$AT_i =\{a_i^1,a_i^2, \ldots \ldots ,a_i^p\}$


$AT_i$


$N_i$


$N_i(k,h) = I_{kh}^i = \max (Imp(a_i^k),Imp(a_i^h))$


$k$


$h$


$\in \{1,2,\ldots \ldots ,p\}$


$G_i = <V,E>$


$a_i$


$V$


$\{a_i^1,a_i^2,\ldots \ldots ,a_i^p\}$


$\delta _i = \{\overset {\rightarrow }{v_0} = a_i^k,\overset {\rightarrow }{v_1}, \ldots \ldots ,\overset {\rightarrow }{v_{t-1}}, \overset {\rightarrow }{v_{t}} = a_i^h\}$


$t$


$\overset {\rightarrow }{v_0}$


$\overset {\rightarrow }{v_{t}}$


$\delta $


$a_i$


\begin {align}\label {eq:22} w_{ij}^{\delta _i} = \overset {t-1}{\underset {a =0}{\prod }}N_i(\overset {\rightarrow }{v_{a}},\overset {\rightarrow }{v_{a+1}}).\end {align}


$\Omega _i$


$t$


$\overset {\rightarrow }{v_0} = a_i^k$


$\overset {\rightarrow }{v_{t}} = a_i^h$


$G_i = <V,E>$


\begin {align}\label {eq:23} \beta _i(k,h) = \underset {\delta \in \Omega _i}{\sum } w^{\delta _i}_{kh},\end {align}


$a_i$


$t$


$N^t_i$


\begin {align}\label {eq:24} N^t_i(k,h) = \beta _i(k,h).\end {align}


$a_i^k$


$ODIS_k$


$a_i$


$ODIS_h$


$a_i$


$a_i$


$ODIS_k$


$t$


\begin {align}\label {eq:25} \phi _i^t(k) = \underset {h \in V}{\sum }N^t_i(k,h),\end {align}


$t=1$


$a_i$


$N^1_i{(k,h)}_{k\in V}$


$Imp(a_i)$


$\phi _i^1(k)$


$Imp(a_i)$


$\phi _i^1(k)$


$t = 1$


$\phi _i^1(k)$


$t = 1$


$a_i$


$t$


$\infty $


$a_i$


$t>1$


$\phi _i^t(k)$


$a_i$


$ODIS_k$


\begin {align}\label {eq:26} \phi _i(k) = \overset {\infty }{\underset {t = 1}{\sum }}\phi _i^t(k),\end {align}


\begin {align}\label {eq:27} \phi _i(k) = {\left [\left (\overset {\infty }{\underset {t = 1}{\sum }}N_i^t\right )e\right ]}_k = \Psi _ie,\end {align}


$\Psi _i = \overset {\infty }{\underset {t = 1}{\sum }}N_i^t$


$e$


$\overset {\infty }{\underset {t = 1}{\sum }}N_i^t$


\begin {align}\label {eq:28} \tilde {\phi _i}(k) = {\left [\left (\overset {\infty }{\underset {t = 1}{\sum }}\rho _i^tN_i^t\right )e\right ]}_k = {\left [\left (\overset {\infty }{\underset {t = 1}{\sum }}{(\rho _iN_i)}^t\right )e\right ]}_k = {[\tilde {\Psi }_ie]}_i,\end {align}


$\rho _i$


$N_i$


$a_i$


$\rho _i$


$\rho _i = 0.9 / radius(N_i)$


$radius(N_i)$


$N_i$


$\rho _i$


$0.9 / radius(N_i)$


$\sum _{t=1}^{\infty } N^t \Leftrightarrow radius(N) < 1 \Leftrightarrow \sum _{t=1}^{\infty } N^t = {(E - N)}^{-1} - E$


$E$


$\tilde {\Psi }_i = \overset {\infty }{\underset {t = 1}{\sum }}{(\rho _iN_i)}^t = (E - {(\rho N_i)}^{-1}) -E$


$0 < radius(\rho _iN_i) = \rho _i\times radius(N_i) = 0.9/radius(N_i) \times radius(N_i) < 1$


$a_i$


$ODIS_k$


$a_i$


\begin {align}\label {eq:29} \tilde {\phi _i}(k) = {[\tilde {\Psi }_ie]}_k,\end {align}


$AT_i$


$a_i^{best}$


$\{ODIS_1,$


$ODIS_2,\ldots \ldots ,ODIS_p\}$


$a^{best}_i = \underset {a_i^k \in AT_i}{argmax} \tilde {\phi _i}(k)$


$a_i^{best}$


$ODIS_1$


$ODIS_2$


$ODIS_3$


$ODIS_4$


$a_1^1$


$a_2^1$


$a_3^1$


$a_1^2$


$a_2^2$


$a_3^2$


$a_1^3$


$a_2^3$


$a_3^3$


$a_1^4$


$a_2^4$


$a_3^4$


$x_1$


$x_2$


$x_3$


$x_4$


$x_5$


$x_6$


$x_7$


$x_8$


$MS-ODIS = \{ODIS_1 = (U,AT^1,f_{AT}^1,D), ODIS_2= (U,AT^2,f_{AT}^2,D),$


$ODIS_3= (U,AT^3,f_{AT}^3,D), ODIS_4= (U,AT^4,f_{AT}^4,D)\}$


$U = \{x_1, x_2, x_3, x_4, x_5, x_6, x_7, x_8\}$


$U/D =\{\{x_1,x_2,x_4,x_7\}\{x_3,x_5,x_6,x_8\}\}$


$AT_m = \{a_m^1,a_m^2,\ldots \ldots , a_m^p\}$


$AT_1 = \{a_1^1,a_1^2,a_1^3,a_1^4\}$


$a_1^1$


$a_1^2$


$a_1^3$


$a_1^4$


$a_2^1$


$a_2^2$


$a_2^3$


$a_2^4$


$a_3^1$


$a_3^2$


$a_3^3$


$a_3^4$


$x_1$


$x_2$


$x_3$


$x_4$


$x_5$


$x_6$


$x_7$


$x_8$


$a_1^1$


$r$


$r =1$


$a_1^1$


$AT_1$


\begin {align*}& Pos_{DRNE_{a_1^1}} = \{x_1,x_2,x_4,x_5,x_6,x_7\}, Pos_{DRNE_{a_1^2}} = \{x_1,x_2,x_4,x_5,x_7,x_8\}\\ & Pos_{DRNE_{a_1^3}} = \{x_1,x_2,x_3,x_4,x_5,x_6,x_7,x_8\}, Pos_{DRNE_{a_1^4}} = \{x_1,x_3,x_4,x_5\}\end {align*}


$Imp(*)$


$AT_1$


\begin {align*}&Imp(a_1^1) =0.5, Imp(a_1^2) = 0.5\\ &Imp(a_1^3) =1, Imp(a_1^4) = 0\end {align*}


$AT_2$


\begin {align*}&Pos_{DRNE_{a_2^1}} = \{x_1,x_2,x_3,x_4,x_5,x_6,x_7,x_8\},Pos_{DRNE_{a_2^2}} = \{x_1,x_2,x_5,x_7\}\\ &Pos_{DRNE_{a_2^3}} = \{x_1,x_2,x_3,x_4,x_5,x_6\},Pos_{DRNE_{a_2^4}} = \{x_3,x_4,x_7,x_8\}\end {align*}


$Imp(*)$


$AT_2$


\begin {align*}&Imp(a_1^1) =1, Imp(a_1^2) = 0\\ &Imp(a_1^3) =0.5, Imp(a_1^4) = 0\end {align*}


$AT_3$


\begin {align*}&Pos_{DRNE_{a_3^1}} = \{x_1,x_2,x_3,x_6\},Pos_{DRNE_{a_3^2}} = \{x_3,x_4,x_5,x_6,x_7,x_8\}\\ &Pos_{DRNE_{a_3^3}} = \{x_1,x_2,x_3,x_4,x_6,x_8\},Pos_{DRNE_{a_3^4}} = \{x_1,x_2,x_3,x_4,x_5,x_6,x_7,x_8\}\end {align*}


$Imp(*)$


$AT_1$


\begin {align*}&Imp(a_1^1) =0, Imp(a_1^2) = 0.5\\ &Imp(a_1^3) =0.5, Imp(a_1^4) = 1\end {align*}


$AT_1, AT_2, AT_3$


\begin {align*}& N_1 = \begin {pmatrix} 0.5 & 0.5& 1& 0.5 \\ 0.5 & 0.5&1 &0.5 \\ 1 & 1& 1&1 \\ 0.5 & 0.5& 1&0 \end {pmatrix} \quad N_2 = \begin {pmatrix} 1 & 1&1 &1 \\ 1& 0&0.5 &0 \\ 1 &0.5 &0.5 &0.5 \\ 1& 0& 0.5& 0 \end {pmatrix} \quad \\ & N_3 = \begin {pmatrix} 0 & 0.5& 0.5& 1\\ 0.5 & 0.5&0.5 &1 \\ 0.5& 0.5&0.5 &1 \\ 1& 1& 1&1 \end {pmatrix}\end {align*}


\begin {align*}\lambda _1 & =\{2.9161, 0.0000, -0.2622, -0.6538\} \\ \lambda _2 & =\{2.6861, -1.0000, -0.1861, 0.0000\} \\ \lambda _3 & =\{2.9161, -0.6538, -0.2622, 0.0000\}\end {align*}


$\tilde {\Psi }_1, \tilde {\Psi }_2, \tilde {\Psi }_3$


$AT_1,AT_2,AT_3$


\begin {align*}& \tilde {\Psi }_1 = \begin {pmatrix} 1.794 & 1.794& 2.742& 1.554 \\ 1.794 & 1.794& 2.742& 1.554 \\ 2.742 & 2.742& 3.954&2.375 \\ 1.554 & 1.554& 2.375&1.213 \end {pmatrix} \quad \tilde {\Psi }_2 = \begin {pmatrix} 4.473 & 2.362& 3.153& 2.362 \\ 2.362 & 1.055& 1.576& 1.055 \\ 3.153 & 1.576& 2.105&1.576 \\ 2.362 & 1.055& 1.576& 1.055 \end {pmatrix}\\ & \tilde {\Psi }_3 = \begin {pmatrix} 1.213 & 1.554& 1.554&2.375 \\ 1.554 & 1.794& 1.794& 2.742 \\ 1.554 & 1.794& 1.794& 2.742 \\ 2.375 & 2.742& 2.742&3.955 \end {pmatrix}\end {align*}


$a_1, a_2, a_3$


\begin {align*}\tilde {\phi _1} & = [7.8857,7.8857,11.8159,6.6978]\\ \tilde {\phi _2} & = [12.3521,6.0506,8.4129,6.0506]\\ \tilde {\phi _3} & = [6.6978,7.8857,7.8857,11.8159]\end {align*}


$a_1,a_2,a_3$


\begin {align*}&a^{best}_1 = \underset {a_1^k \in AT_1}{argmax} \tilde {\phi _i}(k) =a_1^3\\ &a^{best}_2 = \underset {a_2^k \in AT_2}{argmax} \tilde {\phi _i}(k) =a_2^1\\ &a^{best}_3 = \underset {a_3^k \in AT_3}{argmax} \tilde {\phi _i}(k) =a_3^4\\\end {align*}


$AT_{fused} = \{a_1^3, a_2^1, a_3^4\}$


$ODIS_{fused} = (U, AT_{fused}, f_{fused}, D)$


$O(p \times nlogn)$


$O(p^2)$


$a_j$


$O(plogp)$


$m$


$O(m \times p \times nlogn) + O(p^3) + O(p^2logp)$


$O(m \times p \times nlogn)$


$O(nlogn)$


$O(n\times p\times m\times (r+n)+m\times p)$


$O(p \times n^2)$


$O(p\times m\times n^2+m)$


$O(p\times m \times n\times (r+n) + m)$


$O(n^2)$


$n$


$O(nlogn)$


\begin {align}\label {eq:30} \begin {array}{l} F(x_i, a)=\left \{ \begin {array}{l} f(x_i, a)+\eta , \text { if } x_ i \text { in } U_{random} \\ f(x_i, a), \text { else } \end {array} \right . \end {array},\end {align}


$U_{random}$
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$\alpha $
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$\alpha $
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$\alpha $


$r$


$r$


$r$


$r$


\begin {align*}AE = \frac {accuracy+recall+F1}{3}\end {align*}


$f_{fused}(a_i,x) = \min (f(a_i^k,x)),a_i^k \in AT_i$


$f_{fused}(a_i,x) = mean(f(a_i^k,x)),a_i^k \in AT_i$


$f_{fused}(a_i,x) = \max (f(a_i^k,x)),a_i^k \in AT_i$


$\delta $


$if f(a,y)>f(a,x), Sim_a(x,y) = \frac {1}{1+dis_a(x,y)}, else, Sim_a(x,y) = 0$


$\beta $


$T_a = \{(x_i,x_j)|\frac {dis_a(x_i,x_j)}{max_{y \in U} dis(x_i,y)} \wedge f(a,x_j) >= f(a,x_i)\}$
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the same patient in different hospitals [4], the different risk assessments
of the same credit card from banks [5] or energy management [6]. In
many cases, we are often faced with multi-source information systems,
and this form of data is becoming more and more common in society,
so conducting the data mining on this type of data is very necessary.

Rough set as a common method of data analysis and uncertainty
measurement was first proposed by the Polish scientist Pawlak [7],
through the calculation of the upper and lower approximations in order
to achieve the purpose of quantifying the uncertainty of the data. Since
its introduction, Rough set theory has been widely applied [8-10], and
it has been extensively researched and applied in the areas of attribute
reduction [11,12], classification problems [13,14], and uncertainty
measurement [15,16] among others.

In order to better cope with the scale challenges brought about by
multi-source decision information systems in the current field of data
science and considering the unique advantages of rough sets in current
data processing and knowledge discovery, the information fusion algo-
rithms for multi-source information systems have become a research
point attracting more attention, and the application of rough sets as
an uncertainty measure in the environment of information fusion has
been widely developed [17,18]. Sang et al. [19] proposed a multi-scale
information fusion method inspired by a fuzzy rough combination en-
tropy, Cai et al. [20] proposed another new information fusion model
based on fuzzy approximate conditional entropy for interval-valued
data, Yuan et al. [21] constructed an information fusion framework via
K-nearest-based neighbor rough set for multi-source ordered decision
systems. Pan [22] proposed a dynamic fusion approach via information
entropy based on rough set. From the above studies, it can be seen that
rough set theory has been widely studied and applied to different data
backgrounds in the field of information fusion.

However, when reviewing the current field of information fusion in
multi-source information systems, there are mainly two major issues that
need to be addressed. Firstly, one of them is the huge computation re-
quired for traditional neighborhood granularity. Actually, the core of
the rough set-based modeling framework often relies on the computa-
tion of granularity, and since Pawlak proposed his classical rough set,
many scholars have developed rough set models based on more flexible
granularity computation. Kong et al. [23] built a simplified rough set
model by adding some new rules to the traditional rough set, Wu and his
teammates [24] presented a neighborhood rough set framework based
on a new notion of neighborhood equivalence relation for feature selec-
tion. Additionally, Wang et al. [25] proposed a feature selection model
based on the weighted fuzzy rough set. Xu et al. [26] even constructed a
rough set model with the combination of FCM and k-Nearest Neighbor.
Li et al. [27] proposed a granular-ball-based rough set model for
high-dimensional variation. The methods mentioned above inevitably
require distance calculation between samples to determine the granu-
larity of the rough set, which results in a huge amount of computational
cost.

And the second one is that the existing information fusion algorithms
are rarely aimed at multi-source ordered decision information systems.
Xu et al. [28] take into account the interval length and the number
of data points in the interval to construct a fusion method and Chen
et al. [29] propose a novel information fusion and feature selection
method based on information entropy for time-series data. There is an in-
formation fusion method combining improved entropy for multi-source
interval-value decision information systems in the study of Xu [30] and
Zhang et al. [31] proposed the dynamic fusion method with the increase
of samples or attributes. From the above-mentioned related research, it
can be found that most information fusion algorithms are oriented to-
wards multi-source information systems with classical data, time series
data or interval values. In fact, rough set theory has been extensively
studied for ordered decision information systems, but these studies fo-
cus more on the construction of rough set models [32,33] or feature
selection [10,34-36] for ordered decision information systems.
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By reviewing the information fusion algorithms based on rough sets,
it is found that there are still the following research gaps in the field of
information fusion that need to be studied:

(i): At present, almost all information fusion algorithms based on
rough sets rely heavily on the calculation of spatial distance be-
tween samples when calculating rough granularity, which often
leads to an O(n?) computational cost that is often unacceptable
for large data sets.

(ii): There are few research results on the information fusion of multi-
source ordered decision information systems, but it has a wide
range of applications in society.

(iii): Some algorithm frameworks based on rough sets are often con-
structed using information entropy [15,30,34], which frequently
requires repeated calculations when implementing the algorithm.

In order to fill the research gap mentioned above, we introduce a new
rough set calculation method: rectangular neighborhood rough set [37,
38], and adapt it to a rectangular dominance neighborhood rough set so
that the information fusion algorithm proposed in this paper can meet
the needs of multi-source ordered decision information systems.

However, since the rectangular neighborhood rough set only uses
an approximate representation of the distance between samples instead
of the true distance, we introduce graph theory to aggregate the dis-
tance information between samples in the algorithm framework to make
the sample distance representation more accurate. Graph-based methods
provide us with a new perspective for the information system. In the
study of Giorgio Roffo et al. [39], the attributes can be seen as nodes,
and the information between attributes can be stored in the edges of
each node. Not only that, many graph-based methods have been devel-
oped [40] for feature selection or other applications. Nie et al. [41] put
forward an unsupervised feature selection method by structured graph
optimization, Zhang et al. [38] take the graph as the feature selection
framework for interval-valued data, and Akhiat Y et al. [42] propose a
novel feature selection method by the combination of graph theory and
decision tree. So it can be seen that graph theory has been studied widely
in data analysis. However, via the construction of graphs for information
systems, the calculation efficiency can improve significantly. However,
having much dependency on prior knowledge [43] may be a problem.

Roughly speaking, on the whole this work proposes an efficient infor-
mation fusion approach for MS-ODIS, which is based on the combination
of dominance-rectangular neighborhood rough set and the construction
of a graph. Generally speaking, the method proposed by this paper takes
the fusion process by selecting the best one of the attributes under dif-
ferent sources. More details about the implementation of this algorithm
will be explained in the later part of this paper.

According to the previous research gaps summary of the existing in-
formation fusion algorithms, the primary contributions of this work are
summarized as follows:

« The dominance-rectangular neighborhood rough set based on rect-
angular granularity for ordered decision information systems is
proposed. Compared with the previous neighborhood rough set
calculation method, this method can reduce the time complexity
of distance calculation from O(n?) to O(nlogn).

We utilize the lower approximation based on the dominance-
rectangular neighborhood as an indicator for attributes in
multi-source ordered decision information systems (MS-ODIS).
Furthermore, we employ the adjacency matrix of a graph to
aggregate the significance of attributes across different sources.
The proposed information fusion method is compared with several
existing algorithms, including three common methods (Min, Mean,
Max) and other rough set-based methods. The results demon-
strate significant improvements in both effectiveness and runtime
efficiency.
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To make the progression of the subsequent content in the paper clearer,
some basic concepts and theories used in the information fusion algo-
rithm will be described in Section 2, the more details regarding the
specific process and implementation of information fusion will be clearly
illustrated in Section 3, relevant experiments comparing the proposed
method with other algorithms in terms of effectiveness and runtime are
conducted in Section 4, and the main content of the paper is summarized
in the final Section 5.

2. Preliminaries

In this section, some of the concepts and theory that may be used
in the information fusion framework proposed in this paper will be
explained in detail to facilitate the understanding of the subsequent
content.

2.1. Multi-source ordered decision information system

Firstly, the Decision Information System (DIS) should be classified.
Let DIS = (U, AT,V, f4r. D) be a decision information system, where
U = {x,x3,...... ,x,} is the sample set, and AT = {a;,qa,, ... ... ,a,, }is
the attribute set, f : U X AT = V is the mapping function for the DIS,
and D is the set of labels for the samples.

However, if the samples in the DIS could be sorted by the value of
f(x,a,), where a,, € AT i.e., f(x;.q,) < f(xj,a,) = x; < x;, then
the attribute is denoted as a criterion. If Va,, € AT,a,, is a criterion,
then the ordered decision information system (ODIS) could be denoted
as ODIS = {U,AT.V, fr. D}.

After the above introduction for ODIS, a multi-source ordered deci-
sion information system (MS-ODIS) could be expressed as M.S—ODI S =
{(ODIS;|0DIS; = (U, AT, V', f.,D)i = 1,2,...... ,p}, where the
MS-ODIS is a finite non-empty set in which every element is an ODIS.

The above is a description and elaboration of the informational
background of the study in this paper: ODIS and MS-ODIS.

2.2. Introduction of approximation precision (AP) and approximation
quality (AQ)

In this subsection, two critical indicators for a DIS, the approximation
precision and approximation quality, will be classified. The two concepts
were first studied by Pawlak in 2002 [44]. Their specific calculations for
the two indicators are shown below.

A DIS = (U,AT,V, f4r. D) is given, where U = {x|,x,, ... ... , X},
AT = {aj,a, ... ... ,a,,}. Then the relation of different samples under the
attribute subset B C AT could be obtained as:

Ry ={(x,y) : UxU}. (€Y

Please pay attention to the fact that the relation Ry is not deter-
ministic, and the relations that are said to be used in this paper will be
described in detail later. After making the definition of the relation R,
intelligible, VX € U the lower approximation and upper approximation
under the relation Ry can be expressed as:

Rp(X) = {x € U|lxIg, C U}, (2)

Rp(X) = {x € Ul[xlg, NU # ), ®3

in which [x]g, can be denoted as [xIg, = {¥I(x,) € R}

While reviewing the relevant information [28,30,45], we found that
most authors use a similarity based on sample distance to induce sam-
ple relations as well as equivalence classes. Given that, we have the
definition of the distance under the attribute subset B disg(x;,x;) as
follows:

Y (f(a,x) - fla )

VYaeB

disg(x,y) = “4)

| Bl |

where |B| is the number of attributes in B, x,y € U.
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The distance of different samples after normalization can be ex-
pressed as

disg(x,y)

————k=12,..... ,n. (5)
max(dis(x,x;))

dis'y" (x,y) =

Given that the main research object of this paper is MS-ODIS, so when
inducing the relation, we need to consider not only other samples that
are similar to sample x;, but also other samples that are superior to x;.
Thus, the dominance-neighborhood relation is

DNRp = {(x,y) : UxU|dis'y"(x,y) <aA f(a,y) > f(a,x),Ya € B}, (6)

where « is the distance threshold, which is a parameter that needs to be
set.

The upper and lower approximations induced from the dominance-
neighborhood relation are respectively:
DNRp(X)={x € Ullxlpyg, € X} )

DNRg(X) = {x € Ul[xlpyg, N X # 0}, (8

where the [x]pyg, could be denoted as [xIpyg, = {yIxDNRpy}. Let
U/D = {Y.Y,,...... ,Y,}, then for a ODIS = (U,AT,V, f4r. D) the
AP and AQ based on the DN R(X) under the attribute subset B can be
denoted as:

d
| X DN Rp(Y)]
APpyg,(U/D) = —';1 , 9

| X DN Rp(Y))]
i=1

d
| X DN Ry(Y)]

AQpg,(U/D) = ﬂT 10)

According to the findings of Pawlak [44], the AQ could represent
the measurement of the approximation classification precision and AP
could reflect the classification quality. The approximation precision and
quality will improve with the AP and AQ increasing.

2.3. Granular-rectangular rough set

Here, the main methods of granular-calculation used in this paper
will be explained in detail. Since Pawlak proposed rough set theory [7],
other rough set methods have appeared, among which neighborhood
rough set (NRS) has been widely studied [46], however, in the typical
neighborhood rough set calculation, when calculating the neighborhood
of one sample, it is always necessary to calculate the distance to all
other samples, which causes computational inefficiency especially when
dealing with large datasets.

However, according to the study of related work [38], the appli-
cation of granular-rectangular rough set (GRRS) can greatly improve
the calculation efficiency. Here we provide the definition of rectangular
granularity.

Definition 1. DIS = (U, AT, f,r, D) is given as a decision informa-
tion system, VB C AT and B = {al,a2,..,q;},1 < I < m. G is used
as the spatial partition of the attribute set B over the target samples,

G={G,G,,...... ,G,}. The subspace G,(0 < r < n) for the samples uni-
verse U can be represented as G, = {x;la;, < f(a;,x) < ay a5 <
flag,x) <ay .o .a;, < f(a,x;) < ap, }, where q; and q;are the

upper and lower bounds of that space.

According to the description of rectangular granularity in
Definition 1, each partition space G, in G can be partitioned into
finer granularity spaces in the same way as G, and the upper and lower
bounds of each granularity rectangle will become tighter and tighter
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as the space is refined. A hierarchical tree structure is formed during
the continuous refinement of the rectangular granularity, in which all
the data points in the subspace share the parent space to serve as the
neighborhood, which then avoids the calculation of the distance to
other samples. Unlike NRS which uses Euclidean distances, GRRS uses
a special neighborhood radius, specifically, the neighborhood radius
is a discrete value indicating the number of levels from the leaf node
upward to its parent space, with each level of the neighborhood radius
r increasing by one.

2.4. The graph theory

Similar to the article for the interval-valued decision information
system [39] description and operation, ODIS can be described by con-
structing a complete undirected graph G =< V, E >, in which the node
setV = AT = {a;,a,, ... ... ,a,,} represents the attribute set, and the edge
set E represents the relationship between different features. The adja-
cency matrix N can be obtained by constructing the weight function
w(i, j) on the edges between feature a; and a ;5 in other words, the adja-
cency matrix N which is employed by graph G can be used as a method
to sustain the intricate relationships between different nodes (features)
and the information conveyed by the nodes in the information system,
ie., N(G,j) = w(,j).

Each element of the adjacency matrix N is determined by a weight
function w(.,.). According to the related work [38], there are two metrics
that are adopted to help capture the relationship information between
the feature a; and a;. More details could be expressed as follows:

w(i, j) =6 x Ij + (1 - §) X Cy;, 1)

where [;; can be understood as a metric reflecting the significance of
the features to the whole information system, which demonstrates the
contribution to the classification problem. The other one can be seen
as a representation of the lack of correlation between features. The §
decides the weight of the two metrics.

However, attention here, in the subsequent study of this paper, we
used the weight function w(, j) to describe the relationship of the same
attribute between different sources, so we discarded the metric cor, and
the final weight is expressed as
w(i,j):],j, 12)
and more details about the function w(i, j) will be illustrated in section
three.

2.5. Matrix infinite series

In the Section 2.4, the adjacency matrix is introduced. In the subse-
quent content of the paper, the computation for the matrix infinite series
will be discussed.

Given M|, M,, Mj, ... ... My, ... as a sequence of matrices, where
M, = mg.‘)ecmx”. The sum of the whole form: M; + M, + M5 + ... ... +
M+..... can be named as a matrix power series (MPS) [47]. Z,‘:‘; M,
can represent the whole form.

Let (M)? = Zle M, in which P could be any integer and the whole
formula represents the partial sum of the matrix sequence Y;> | M. If
limp_, o 211;1 M, converges and has the limit S = limp_ Zk‘pzl M,,
it can be concluded that the matrix infinite series converges and S =
Y1 My

Meanwhile, if the limit of the Y77 | M is another matrix .S, then each
element in the matrix M converges and has the limit /im P_,wmx.) ) =
S;;- The details for the proof of the above properties can be found in the
literature [38] and will not be repeated here.

The above mentioned properties of MPS greatly reduce the computa-
tional complexity and simplify the computation process when summing
the matrix infinity series.
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3. Information fusion method for the MS-ODIS

In this section of the paper, the information fusion method for
MS-ODIS will be proposed, in which the general process can be demon-
strated in Fig. 1, and the specific implementation of the process will be
explained later.

3.1. Dominance-rectangular granularity based on the tree

By the Definition 1, the granular-rectangular can be obtained via the
construction of a tree for the universe U. Here the exact process will be
described.

An ODIS = (U, AT, f4r, D) is given, for the attribute g,, and a,, €
AT. It can be copied following the Algorithm 1.

So, the construction process for the tree has been summarized as the
Algorithm 1, the time complexity and space complexity will be analyzed.
Firstly, the sorting of sample attribute values consumes the majority of
the time during the tree construction process. Generally, the time com-
plexity for sorting is O(nlogn) (by the quick sort method). After that,
data accessing is necessary for one node’s branching, which will con-
sume time. When constructing the leaf nodes, data access needs to be
performed n times. When level ups, the number of data accesses will
become n/2 and so on. So the time complexity for the splitting of nodes
into child nodes is O(n + n/2 + n/4 + --- + 1) = O(2n — 1) = O(n). Thus,
the time complexity for the whole process is O(nlogn) + O(n) = O(nlogn).

Next, the space complexity for Algorithm 1 is as follows. Considering
the leaf node of the tree, the number of nodes is n, but the number
of contents in every node is 1. Similarly, there are n/2 nodes and 2
elements in the content for every node one level up and so on. It is con-
cluded obviously that the space occupied by each layer’s nodes is O(n),
and the number of levels is O(logn). Therefore, the space complexity for
Algorithm 1 is O(nlogn).

Definition 2. An ODIS = (U, AT, fr. D), and a,, € AT, the tree based
on the attribute a,, could be induced. For sample x,, in the leaf node, the
node in its upward r levels can be called the rectangular granularity of
sample x,, which can be denoted as P(x,), where r is the radius of its
special neighborhood and m represents the m-th attribute in the AT.

However, for rectangular granularity, the domain radius r does not
precisely limit the domain range of the samples. It merely roughly
indicates the size of the domain range while calculating the rectangular-
neighborhood rough set. When r is smaller, the number of median
splits increases, and the distance between the samples in the derived
rectangular-neighborhood rough set becomes closer.

More details about the process of the instruction for the tree and
Definition 2 can be acquired in the Fig. 2.

Definition 3. Let ODST = (U, AT, f 7. D), P"(x,) be the rectangular-
granularity of sample x, under the attribute a,,, where a,, € AT. So,
based on the rectangular-granularity, the relationship of dominance-
rectangular neighborhood for the attribute ¢ € AT can be denoted
as

DRNR) = {(x,y) €U xUly € P.(x)A f(y.a,,) 2 f(x,a,)}, 13
Based on which, the equivalence classes can be obtained as follows
[X]DRNR{, = {yl(x,y) € DRNR,}. (14)

Definition 4. Let ODIS = (U, AT, f4r,D), the decision attribute
can divide the sample set U into r equivalence classes: U/D =
{D,,D,,...... ,D,}. According to the relationship in the Definition 3,
the lower and upper approximations for one equivalence class under
the attribute a € AT can be expressed as follows:

DRNR,(D;) = {x|[xIprnr, € Di}s (15)

DRNR,(D;) = {x|[x]DRNRanDi # 0}, (16)
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A MS-ODIS is given

Xy
Xz
oDIs,
%, opIs,”
- 5 ODIS,
For attribute set AT, ] For attribute set AT, For attribute set AT,
ai ai a} ab ai a3 a3 - ab ay a3 a} - ah
| Xy E X, x;
. | W .
E Xn E Xn Xn
‘E:Eaast-r-u;:i -tl-'l-e-a-d];ce.r-léy- l-'r;at-r;x-N;- - -' Construct the adjacency matrix N, v(V:onstruct tl;ne adjaéency matrix Ny, n
: ai a E @ a3 @ - a @ @ @ - @
: a
| | a
E vesnee ai
af
P
c‘oca\'°\\(\
0»*5“\\\\
h 4
X1
X2
xﬂ
QbEST BT uu ket D
For each attribute, the attribute with the highest score under
different sources is selected as the attribute after information fusion
Fig. 1. The process of the information method for MS-ODIS.
And for the decision attribute D, the lower approximation and upper And according to the rough set theory proposed by Pawlak [7] in
approximation can be obtained as follows: 1998, the positive region is equivalent to the lower approximation,
which contains samples that can be classified into one concept without
DRNR,(D) = U DRNR (D) a7) any disagreement at all, based on some specific features. The positive
a i=1 a 17

region under the attribute a can be expressed as follows:

DRNR,(D) = .LrJlDRNRa(D,-). as)  Posprnr,(D)=DRNR,(D) 19)
L
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Algorithm 1: BTC (Binary Tree Construction).

Input: A root node arr with sorted arr.content = { f(x,, a,,),
S ay)s oo [ (X))

Here, each node is represented by a tuple v = (v.content,v.lef1,
v.right,v.parent), where the v.left and v.right are pointed to the
child node respectively, v.content stores the attribute value
f(x,a,,) as alist, v.parent is pointed to the parent node.

Output: The set of leaf nodes Leaves

if |arr.content| = 1 then
‘ return {arr};

end

mid < ||arr.content|/2];

left_node « new node;

right_node < new node;

le ft_node.content « arr.content[l : mid];

right_node.content < arr.content[mid + 1 : |arr.content|];

arrleft « left_node;

11 arr.right < right_node;

12 left_leaves «— BTC(left_node);

13 right_leaves «— BTC(right_node);

14 return left_leaves U right_leaves;

-

O N o s w N

—
- o

Definition 5. Let ODIS = {U, AT, f 4, D}, and the importance of the
attribute q; for the whole attribute set AT is denoted as:

|Pospry g, (D)I

20
0] (20

Imp(a;) =
Here, it is necessary to clarify that I, ; inEq. (12) is determined based
on Eq. (20), and it can be expressed as

I

= max(Imp(a;), Imp(a;)), 21
where Imp(a;) and I'mp(a;) are normalized.

In this subsection, the calculation process of the dominance
rectangular-neighborhood rough set has been detailedly presented.
What truly distinguishes the method of this paper from other existing
rough set fusion algorithms is the difference in the granularity calcula-
tion method. The latter, when calculating the granularity, often needs to
compute the distance between each sample and all other samples, which
often leads to O(n?) time complexity, while the former only requires
O(nlogn).
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3.2. The fusion process based on the graph

In this section, the method of information fusion for MS-ODIS will
be described. The information fusion method proposed in this paper is
mainly based on the adjacency matrix between attributes, but in order
to illustrate the construction of the adjacency matrix, it is first necessary
to explain how the elements in the adjacency matrix are obtained.

For a weighted undirected fully connected graph G =< V, E >, the
adjacency matrix N can be obtained from the graph. The element of
N is N;; = I;. It is important to note here that when constructing the
adjacency matrix for MS-ODIS, it is constructed for the same attribute
of different information sources, and then the same attribute under dif-
ferent sources is ranked based on the adjacency matrix. The ranking
process within graph theory is achieved through the utilization of ma-
trix power series properties, which comprehensively considers all path
contributions between features in different sources, making the ranking
more robust and adaptable.

Definition 6. Let MS - ODIS = {ODIS;|ODIS; =
(U, AT, ', D),i = 1,2,...... .p}, where AT' = {d\.d},...... .all,
the o), means the m-th attribute in the p-th source. To better ex-
plain the subsequent content, there is a definition that the same
attributes {ai',aiz,...,af } under different sources can be denoted as
AT, = {a’.',a'.z,... ...,af}. Then for the attribute set AT; under the
MS-ODIS, the element of the adjacency matrix N; can be expressed as
Ny(k,h) = I}, = max(Imp(a¥), Imp(al)), where k and h € {1,2,... ... P}

Following this, the process of ranking the features between different
sources based on the MPS will be illustrated clearly.

Definition 7. Let G; =< V,E > be a weighted undirected fully con-
nected graph derived from the g; attributes under different sources based
on MS-ODIS, where nodes V' represent the attribute set {a!,a?, ... ..., a’}.

Let 6, = {vp = af,uj, ...... 00, = a"} be a path of length 1 between

the node 170 and 17, Then the weight of the path 6 for the attribute a; can
be expressed as

-1
5 - -
wyj = HNi(Ua,qu). (22)
a=0

Generalizing this to the general case at this point, we denote Q; as
the set of all paths of length r between node UT) = a* and node ;, =alin

Find the median and
Split left and right node

Sorted Samples
U under the attribute

.
\.\\\

e

Fig. 2. The process of the rectangular-Granularity.
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Table 1
An example of MS-ODIS is given.
U ODIS, oDIS, ODIS, oDIS, d
9 % 9 o % a 9 4 a4 9| 9 a
x| 0.73 0.15 0.58 0.34 0.92 0.21 0.87 0.05 0.43 0.12 0.68 0.79 1
x, 0.29 0.64 0.93 0.51 0.07 0.84 0.38 0.72 0.15 0.66 0.23 0.55 1
x; 0.88 0.47 0.11 0.62 0.03 0.95 0.19 0.56 0.27 0.74 0.31 0.08 0
X 0.05 0.82 0.67 0.23 0.45 0.76 0.94 0.17 0.39 0.49 0.88 0.53 1
xs 0.36 0.19 0.85 0.77 0.54 0.28 0.63 0.91 0.04 0.97 0.42 0.61 0
X6 0.52 0.27 0.69 0.18 0.86 0.37 0.81 0.48 0.93 0.09 0.75 0.24 0
x; 0.94 0.08 0.25 0.67 0.33 0.59 0.44 0.72 0.16 0.83 0.50 0.91 1
xg 0.60 0.71 0.03 0.89 0.14 0.47 0.22 0.57 0.80 0.35 0.68 0.12 0
the graph G; =< V, E >, then the following sum equation: It is important to explain why the value of p; needs to be set to
5 0.9/radius(N;). There is a Neumann Series Theorem in the theory of
- i
bik, h) = Z Wi 23 convergence of power series of matrices as Yo N' & radius(N) <

6€Q;

In order to generalize the contribution of all the paths to the attribute
a; in different sources more comprehensively, the weights of the paths
of length ¢ are stored through a matrixN/, in which the element can be
written as follows:

N‘.’(k, h) = p;(k, h). 24)

It is noted that the feature a in the ODI S, and the feature g, in the
ODI S, source may be related directly or have other potential connec-
tions between the q; attributes of other sources. Therefore, the score of
the g; attribute under source ODI.S), for a fixed path length of ¢ can be
defined as follows:

¢i(k) =Y Ni(k, h), (25)
hev

Here, considering ¢ = 1, for the attribute g;, the minimum value of
Ni1 (k, W)y is Imp(a;) because of Eq. (21). So when calculating the qﬁil (k),
intuitively, if I'mp(a;) is larger, the d),.l(k) is also larger. However, when
t=1, ¢} (k) only represents the score under path length 7 = 1. According
to related work [38], to better capture the global influence of attribute
a;, where the path length ¢ is from 1 to oo, the score of attribute a; over
the path length ¢+ > 1: ¢{(k) should be computed. In other words, by
calculating the adjacency matrix of different path lengths, not only are
the aggregated attribute scores in the direct relationship considered, but
also the potential relationships between different attributes are taken
into account.

Also, for all path lengths, the score of attribute g; under source
ODIS| is defined as

)

b,k = Y k), (26)
=1

However it is not feasible to compute each term in the Eq. (26) one by

one, here it can be written in the form of a matrix power series as follows

$:(k) = [<2Ni’>e] =Ye, 27)
=1 k

[oo]
where the ¥; = Y’ N/ and e is a one-dimensional unit vector. However
=1

o

there is a problem that should be dealt is } N/ may not converge. For
t=1

this issue, the generating function [48,49] is adopted to add regulariza-

tion which are typically used to assign a consistent value to a potentially
divergent series. Then the Eq. (27) can be changed as:

o[ (B] -3
=1 k =1

where p; is the regularization factor for N; based on the attribute q; in
the different sources. The parameter p; is denoted as p; = 0.9/radius(N;),
where radius(N;) is the spectral radius of matrix N;.

=[Pel,, (28)
k

1 & Z:’zl N' = (E—- N)"! — E, where E is the identity matrix. In the
Eq. (28), ¥, = Y (»;N,)) = (E — (pN,)"") — E because 0 < radius(p;N;) =
1

pi X radius(Ni)t= 0.9/radius(N;) X radius(N;) < 1.

By the property of the MPS, the final score of the attribute g; in
the source ODI S, compared to attribute a; under other sources can be
denoted as

G = [¥ely (29)

and for AT, the best o’ attribute under all sources{ODIS,,

ODIS,, ... ... ,ODIS,} is a" = argmaxd,(k), then the attribute a?**'
dkear,

in the MS-ODIS will be selected to form the final fused data table.

For the other attributes in MS-ODIS, the same procedure is used to
select the best attribute from different sources to form the final fused
data table.

In order to illustrate the fusion process, an example is given below
to help illustrate the calculation of the definitions and the process.

Example 1. As seen in the Table 1, theMS - ODIS =
{oprs, = (U.,AT'.f),.D).ODIS, =  (U,AT? f2..D),
ODIS; = (U,AT? f3.,D),ODIS, = (U,AT% f1,.D)}, where
U = {x,Xy, X3, X4, X5,Xg,X7,Xg}, U/D = {{x, X5, %4, %7} {X3, X5, X6, Xg } }.
For the illustration of the subsequent calculations, it is specified
here that AT,, = {a:n,ai, ...... ,ah}. For example, in this example
AT, = {a},d},a},a}}. For the purpose of the subsequent description, we
present the data in Tables 1 as 2. Here we will choose the attribute set
a: for the construction of the tree to illustrate in turn the acquisition
of the rectangular-granularity and the calculation of the dominance-
rectangular neighborhood, which can be seen in the Fig. 3. In the
example and subsequent experiment the radius r is set as r = 1.

For the AT;:

Posprye , = {xl’vax4’x5’xﬁ’x7}sP03DRNEﬂ2 = {x1, Xy, Xy, X5, X7, Xg }
1 1

POSpRNE 4 = (X1, X2, X3, X4, X5, X6, X7, X5}, Pos priv gy = {X1, X3, X4, X5}
1 1
The Imp(x) under the AT, after normalization:
Imp(a}) = 0.5, Imp(a?) = 0.5
Imp(a?) =1, Imp(a‘l‘) =0
For the AT,:

POSDRNEH] = {x|,xz,xg,x4,x5,x6,x7,x8},PosDRNEa2 = {x1, Xy, X5, X7}
2 2

POSDRNEH3 = {xlﬁxzvx3’x4’x5’x6}aPOSDRNEH4 = {x3, x4, X7, xg}
2 2

The Imp(x) under the AT, after normalization:

Imp(a}) =1, Imp(a?) = 0
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Table 2
The MS-ODIS after changed is given.
U AT, AT, AT, d
9 o a 9| 9 9 4 9 9 a a 9
x; 0.73 0.34 0.87 0.12 0.15 0.92 0.05 0.68 0.58 0.21 0.43 0.79 1
X, 0.29 0.51 0.38 0.66 0.71 0.07 0.72 0.23 0.93 0.84 0.15 0.55 1
X3 0.88 0.62 0.19 0.74 0.47 0.03 0.56 0.31 0.11 0.95 0.27 0.08 0
Xy 0.05 0.23 0.94 0.49 0.82 0.45 0.17 0.88 0.67 0.76 0.39 0.61 1
X5 0.36 0.77 0.63 0.97 0.19 0.54 0.91 0.42 0.85 0.28 0.04 0.53 0
Xg 0.52 0.18 0.81 0.09 0.27 0.86 0.48 0.75 0.69 0.37 0.93 0.24 0
X7 0.94 0.67 0.44 0.83 0.08 0.33 0.72 0.50 0.25 0.59 0.16 0.91 1
Xg 0.60 0.89 0.22 0.35 0.64 0.14 0.57 0.68 0.03 0.47 0.80 0.12 0
The samples sorted :
X4, X2,X5, Xg, Xg, X1, X3, X7
r=2
| p2
i Pa{ X4, X2,Xs, Xg Xg, X1, X3, X7

X4, X2

X5, Xg

Xg, X1

X3, X7

X4

Xs

X6

X1

Imp(a}) = 0.5, Imp(a}) = 0

For the AT;:

POSDRNE”]
3

POSDRNEﬂz
3

Fig. 3. The rectangular-granularity for attribute a.

= {x, %3, %3, %6}, PospryE, = {X35X45 X5, Xg, X7, X3}
%
3

The I'mp(x) under the AT, after normalization:

Imp(a}) = 0, Imp(a®) = 0.5

Imp(a?) =0.5, Imp(a‘l‘) =1

= {x, X3, X3, X4, X6, X }, POSprv g, = {X15 X2, X3, X4, X5, X6, X7, Xg }
y
3

The three adjacency matrices for the attribute subset AT}, AT,, AT;

are as follows:

Ay ={2.9161,-0.6538, -0.2622,0.0000}

Then according to Eq. (28), the matrices ¥,,¥,,¥; for the
AT, AT,, AT; can be calculated respectively as follows:

1.794
1.794

2742

1.554

1.213
1.554
1.554
2.375

1.794
1.794
2.742
1.554

1.554
1.794
1.794
2.742

2.742
2.742
3.954
2.375

1.554
1.794
1.794
2.742

1.554
1.554
2.375
1.213

2.375
2.742
2.742
3.955

¥, =

4.473
2.362
3.153
2.362

2.362
1.055
1.576
1.055

3.153
1.576
2.105
1.576

2.362
1.055
1.576
1.055

Finally, the score of every source on the three attributes a;, a,, a5 can
be presented as follows by the Eq. (29):

by
b
s

=[7.8857,7.8857,11.8159, 6.6978]
=[12.3521, 6.0506, 8.4129, 6.0506]
=[6.6978,7.8857,7.8857,11.8159]

05 05 1 05 11 1 1
05 05 1 05 1 0 05 0
M=l 11| M7 oo0s o0s os
05 05 1 0 1 0 05 0
0 05 05 1
05 05 05 1
Ns=los 05 05 1
1 1 11

The eigenvalues and spectral radius are calculated for the three
adjacency matrices as follows:

A1 ={2.9161,0.0000, —0.2622, —0.6538 }
A, = {2.6861, —1.0000, —0.1861,0.0000}

Then the three attributes a;, a,, a3 for all sources, the best one is as
follows:

all’“’ = argmaxd; (k) = a‘?
akeAr

best _ 7 — 1

a,””! = argmax¢;(k) = a,
dseAT,

best g 4

a3 = argmax¢,(k) = a;

dkeAT;
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Algorithm 2: The information fusion algorithm(FGIF) for MS-
ODIS.
Input: MS — ODIS = (ODIS,|ODIS,; = (U, AT', f},,., D),i =
1,2,. ...... ',p}', U= {xl.,xz, ...... s X )y
AT = {d|.d, ...... ,al ), U/d = (dy,dy,... ... .d.}
Output: The fused data table ODI S,y = (U, AT 45045 f fusea> D)

1 ATy < ().

2 for j =1tomdo

3 Construct a matrix N;(m X m)

4 fori=1to pdo

5 Obtain the dominance-rectangular neighborhood
granularity of attribute ai. based on the construction of
the tree.

6 Calculate 1 mp(aj.) according to the Eq. 20.

7 end

8 for k=1to pdo

9 for h =k to pdo

10 Iy, < max(lmp(af), Imp(aj'))

11 Nj(k,h) = I,

12 N;(h k) = Iy,

13 end

14 end

15 p; =0.9/radius(N;)

16 | ¥, =(E-pN)"' -E.

17 ¢, ="e

18 aﬁ."”’ = argmaxqgj(k)

a?GAT/
19 ATfused « ATfused U {a?e”}

20 end
21 return ODIS 50y = (U, AT fys0d f ruseas D)-

At last, the fused attribute set is ATy,,,q = {a},a}, a3}, and the fused
data table is ODIS 505 = (U, AT 45045 f fuseas D)-

The above information fusion process for MS-ODIS is then summa-
rized as an algorithm named FGIF, which is shown in Algorithm 2.
Here we need to carry out a detailed analysis of the time complexity
of Algorithm FGIF, through the content of Algorithm 2, which mainly
produces time complexity from the operations in 4-7 lines, 8-14 lines,
and line 18. Specifically, lines 4-7 primarily involve building the tree
which includes operations of sorting and searching resulting the time
complexity of O(p X nlogn). In lines in 8-14 operations mainly involve
assigning values to the matrix, with a time complexity of O(p?), line
18 primarily deals with sorting the scores of the sources a; under dif-
ferent attribute of sorting, and its time complexity depends on the
algorithm used, generally it can be considered O(plogp). Since the above
process is applied to m attributes, the total time complexity of the en-
tire process can be expressed as O(m x p X nlogn) + O(p®) + O(p*logp).
Nevertheless, in most cases, the sample quantity accounts for the major-
ity, so the total time complexity simplifies to O(m X p x nlogn). However,
to achieve rapid retrieval of the rough sets of samples, a balanced
binary tree needs to be maintained during the algorithm implemen-
tation. The space complexity of FGIF is O(nlogn) as summarized in
Algorithm 1.

In order to better demonstrate the superiority of the algorithm pro-
posed in this study in terms of time complexity, the time complexity of
some information fusion algorithms (which were also compared in the
experimental part of this paper) using traditional neighborhood rough
sets was compared with that of this algorithm.

The time complexity of Cai [20] is O(n X p X m X (r + n) + m X p).
The time complexity of Lin [28] is O(p x n?). The time complexity of
Pan [22] is O(p x m x n> + m). The time complexity of Chen [31] is
O(p x m X n X (r + n) + m). From the above analysis of the algorithm’s
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time complexity, it can be seen that the currently existing rough set-
based feature selection algorithms have a time complexity of O(»?) in
terms of n e.g., the number of samples. However, the algorithm pro-
posed in this paper has a relationship with the sample size of O(nlogn),
which demonstrates the superiority of this algorithm in terms of time
complexity.

3.3. Analysis of applicability and robustness

Applicability: The method proposed in this paper is an information
fusion method for multi-source ordered decision information systems.
In fact, as stated in the introduction of this paper, with the rapidly de-
veloping information society, the amount of data processed in daily life
is becoming increasingly large. Data often appears in multiple sources
in most cases. As one of the important types of multi-source ordered
information systems, the research on its information fusion method is
very necessary. For example, different educational institutions rate stu-
dents based on their height, weight, grades, and award status for the
same group of students; different financial institutions evaluate the in-
vestment risk and return of the same financial product; or different
hospitals analyze the condition of the same patient. The information
processed in these multi-source situations is often much larger. If we re-
ally want to understand the true situation of the target, we often need to
process the information from all information sources. The information
fusion algorithm proposed in this paper greatly reduces the complexity
of data in multi-source situations and discovers more valuable informa-
tion, which shows that the algorithm proposed in this paper has great
applicability.

Robustness: Actually, this algorithm exhibits high robustness for
noisy data, which is attributed to the advantageous calculation method
of the rectangular neighborhood rough set presented in this paper. The
granularity calculation method proposed in this paper for constructing
binary trees through median partitioning is not an exact calculation of
granularity. Therefore, when the data contains noise, such as when mul-
tiple sensors have discrepancies due to noise, or when human-collected
data contains errors, etc., it will not affect the final calculation result
of the algorithm. This also demonstrates that this paper exhibits good
robustness for noise in the data.

4. Experimental analysis

In this subsection, aiming to demonstrate the effectiveness and ef-
ficiency of the proposed information fusion algorithm, 12 comparative
experiments using 12 datasets are conducted. The 12 datasets are ob-
tained from the UCI (University of California, Irvine Machine Learning
Repository) database (https://archive.ics.uci.edu/datasets) and kag-
gle(https://www.kaggle.com/) database. Concrete information about
these datasets can be found in Table 3.

The experimental setting, including the software and hardware
environments, is presented in Table 4.

The object that the framework developed in this paper deals with
is MS-ODIS, however, it is obvious that the datasets used in the exper-
iments cannot be directly used as MS-ODIS, the following description
explains how to process the data so that it can be applied to the proposed
method:

(1): Firstly, the attributes without order relations should be removed,
such as name, ID and so on. The numerical attributes are retained.
For the categorical attributes, their order relations are determined
by the semantics of the attributes and the values of the categorical
attributes are changed to integer values—the higher the order, the
higher the number.

(2): Max-min normalization is adopted for the datasets, and the values
of the attributes are mapped to the range 0-1.

(3): For the single source of the datasets Table 3, constructing multiple
sources is necessary. The detailed operation involves adding noise
to 50% of the data in the datasets, as shown in Eq. (30).


https://archive.ics.uci.edu/datasets
https://www.kaggle.com/
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Table 3
The summary of datasets.
No. Datasets Abbreviation Samples  Attributes Classes
Datal Toxity Tox 171 1203 2
Data2 Wine Wine 178 13 3
Data3 Breast cancer BCW 569 30 2
wisconsin
Data4 Maternal health risk MHR 1013 6 3
Data5 QSAR androgen QSAR 1687 1024 2
receptor
Data6 Wireless indoor Wir 2000 7 4
localization
Data7 Abalone Aba 4176 8 3
Data8 Electrical grid sta- Ele 10,000 14 2
bility simulated
Data
Data9 Student placement Stu 100,000 25 2
Datal0  Diabetes health DHI 253,680 21 2
indicators
Datall Indicators of heart Ind 319,795 17 2
disease 2020
Datal2  Credit card fraud Cre 568,630 30 2
detection 2023
Table 4
The details of the software and hardware.
Name model Parameter
System Windows 11 64bit
CPU AMD Ryzen 5 5600H 3.3GHz
Platform Python python3.9
Program environment Pycharm Pycharm 2022
Memory DDR4 16GB;3200MHz

f(x;,a) +n, if X in Usandom

f(x;,a), else ’ (30)

F(x;,a) = {
where U, 4, is the samples set that need to be randomized to add noise
n is the noise that obeys a mean of 0 with a variance of 0.1.

4.1. The analysis of parameter r

In this subsection, the effect of the parameter neighborhood radius
r on the information fusion results is analyzed. According to Eq. (20),
the importance of an attribute is assessed by the number of samples in
the positive region, however different selections of r may yield different
results. Therefore, the analysis of the parameter r is necessary.

In order to illustrate that different neighborhood radii r will have
different effects on the results, here r is set to a step of 1 from 1 to 5,
and at same time, the « is set to a step of 0.05 from 0.05 to 0.5. Observe
how the results change when « is set to a step of 0.05 from 0.05 to 0.5
with different r. The result of AP is shown as Fig. 4 and the result of AQ
is shown as Fig. 5.

The results in Figs. 4 and 5 are analyzed here, and on the whole, the
trends of AP and AQ values with r and « changes are roughly the same.
Both decrease as a decreases, where the change in r mainly affects the
values of AQ and AP when «a is smaller. Because, when r is relatively
small, the dominance-rectangular granularity of all attributes derived
at this time will be very fine, at this time according to Eq. (20) the
importance of all attributes does not differ much, when it is relatively
large, the dominance-rectangular granularity of all attributes derived
will be very coarse again. Only when r is at a suitable value will part of
the attribute’s importance remain very high, while part of the attribute’s
importance will decrease.

4.2. The comparison of effectiveness for different algorithms

In Section 4.1, the paper analyzes the parameter r. A suitable r may
lead to better information fusion. In the next subsection, the algorith-
mic framework studied in this paper is compared with three common
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information fusion methods: Max, Mean, Min and other information fu-
sion algorithms:Cai [20], Lin [28], Pan [22], Chen [31] on AP, AQ and
metric AE, respectively. Here, the weighted average results of the clas-
sification accuracy, recall rate and F1 value are obtained as the Average
Effectiveness (AE) indicators, which can provide a more comprehensive
presentation of the classification results of the classifier. The specific
formula is as follows

accuracy + recall + F1
3

AE =

However, it is noted that Cai, Lin, Pan, and Chen the four algo-
rithms were not proposed for ordered information decision systems, so
some changes are made when calculating the granularity dominance
relationship. The basic introduction and parameters for the algorithms
compared are presented here:

« Min: The minimum value of different sources in the same at-
tribute is the final result after fusion, which can be denoted as
I fusea(@;» X) = min(f (¥, x)), af € AT,.
Mean: The mean value of different sources in the same attribute is
the final result after fusion, which can be denoted as f,.4(a;, x) =
mean(f(al’.‘, X)), af.‘ € AT,.
Max: The maximum value of different sources in the same at-
tribute is the final result after fusion, which can be denoted as
f fusea(@; x) = max(f(a¥,x)),a* € AT,
Cai: The parameter 6 is set as 0.25. In the method [30] proposed
by Cai et al. the Eq. 9 in the paper [30] is changed as if f(a,y) >
f(a,x),Sim,(x,y) = .o else, Sim,(x,y) = 0.
Lin: The parameter f is set as 1. The tolerance relation in the pa-
disg(x;,X;)

A fla,x;) >=

per [28] is changed as T, = {(x;,x;)|
f (a, x,’)}-

Pan: The parameter k is set as 0.25.
Chen: The parameter a is set as 1. The setting of the tolerance
relation in the paper [31] is the same as that in Lin.

max ey dis(x;,y)

Comparison of AP and AQ: Under different values of r ranging from
1 to 5, the best results obtained by the FGIF algorithm proposed in this
paper will be compared with other algorithms. The detailed comparison
results for AQ and AP are presented in Figs. 6 and 7.

By comparing the AP and AQ of the FGIF algorithm with other algo-
rithms under 12 datasets, it is clear that the FGIF algorithm has better
outcomes in most datasets for both metrics. In a few datasets, although
its performance may not be the best, it still has a high value of effective-
ness. By analyzing Figs. 6 and 7, it can be concluded that, in terms of AP
and AQ, the FGIF information fusion algorithm proposed in this paper
matches or even outperforms other algorithms. Through comparison, it
is apparent that the FGIF algorithm achieves better results in terms of
both AP and AQ.

Comparison of AE value: The AE value of MS-ODIS after being fused
under different algorithms is also compared. Five typical classifiers—K-
nearest neighbor classifier (KNN), probabilistic neural network classifier
(PNN), support vector machine (SVM), random forest (RF), and decision-
making tree (DT)—are used in the fused data table. The parameter of
KNN £ is set as 5, the parameter ¢ of PNN is set as 0.1, the linear kernel
is used by SVM, and the number of trees n in RF is set as 100. Five
fold cross-validation is adopted in the classification. The results of the
five classifiers for 12 datasets under different algorithms are shown in
Table 5-9 respectively.

As shown in Tables 5-9, it can be seen that among a total of 60
cases under PNN, KNN, RF, SVM, DT, the FGIF algorithm has a better
performance than other algorithms in 34 cases. Even in another 26 cases,
its outcomes is still competitive, though not reaching the highest value.
Therefore, taking into account the results of all the classifiers, the FGIF
algorithm has the best performance compared to other methods.

Static analysis: To further illustrate the advantages of the FGIF algo-
rithm proposed in this paper, the classification accuracy under the other
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Table 5

The mean classification accuracy and variance (%) of fused data on KNN.
Dataset Min Mean Max Cai Lin Pan Chen FGIF
Datal 59.61 + 4.56 63.73 + 4.75 62.90 + 3.97 62.69 + 5.53 62.91 + 5.38 64.25 + 5.74 63.46 + 7.60 64.59 + 4.50
Data2 92.68 + 4.11 96.63 + 2.57 95.47 + 2.20 97.76 + 2.29 94.92 + 2.07 97.19 + 2.29 98.31 + 2.85 97.03 +1.13
Data3 92.93 + 3.23 96.82 + 0.50 92.23 +1.83 96.65 + 1.03 94.70 + 2.53 96.65 + 1.03 95.94 + 0.91 96.82 + 1.24
Data4 66.47 + 4.18 68.87 + 0.45 65.70 + 2.10 65.11 + 3.34 66.53 + 1.91 69.51 + 3.34 64.86 + 5.10 66.85 + 1.77
Data5 89.70 + 2.51 89.53 + 2.43 90.13 + 2.28 90.06 + 2.49 90.01 + 2.69 89.87 + 2.09 89.62 + 2.41 90.13 + 2.12
Data6 95.70 + 0.85 98.15 + 0.43 94.95 + 0.90 98.30 + 0.68 97.05 + 0.46 97.65 + 0.68 96.40 + 0.34 98.60 + 0.68
Data7 53.02 + 0.75 52.05 + 4.30 52.95 +1.23 51.03 + 0.91 51.91 +1.63 52.96 + 0.91 51.41 +1.42 53.56 + 1.57
Data8 87.08 + 0.75 90.84 + 0.80 87.51 + 0.53 91.25 + 0.09 87.03 + 0.49 91.25 + 0.09 90.19 + 0.35 90.19 + 0.42
Data9 50.70 + 1.64 49.22 +1.33 51.81 +1.11 50.73 + 0.77 52.85 + 0.80 50.93 + 1.04 51.76 + 1.21 51.75 + 1.46
DatalO 83.90 + 0.78 83.95 + 0.80 83.69 + 1.03 84.21 + 0.60 84.04 + 0.81 83.62 + 0.07 83.81 + 0.61 84.43 + 0.97
Datall 89.71 + 0.62 88.70 + 0.68 88.46 + 0.70 88.48 + 0.59 88.69 + 0.64 90.28 + 0.43 95.72 + 0.77 92.24 + 0.38
Datal2 94.24 + 0.29 95.16 + 0.44 94.34 + 0.44 95.70 + 0.74 94.88 + 0.73 95.96 + 0.74 95.50 + 0.60 95.96 + 0.15

Table 6

The mean AE value and variance (%) of fused data on PNN.
Dataset Min Mean Max Cai Lin Pan Chen FGIF
Datal 59.98 + 4.18 56.98 + 4.43 59.01 + 3.95 61.24 + 3.42 54.82 + 5.38 59.94 + 5.74 59.95 + 7.60 61.98 + 3.42
Data2 92.71 +1.37 95.05 + 2.17 96.58 + 1.41 95.50 + 2.23 95.50 + 2.07 95.59 + 2.29 96.09 + 2.85 96.03 + 2.25
Data3 94.18 + 1.69 95.95 +1.13 92.60 + 1.20 95.77 + 1.44 93.48 + 2.53 96.12 + 1.03 95.96 + 0.91 96.35 + 1.19
Data4 68.00 + 3.07 72.41 + 1.36 66.37 + 2.40 66.76 + 3.26 70.39 +1.91 72.01 + 3.34 67.39 + 5.10 72.14 + 4.04
Data5 86.63 + 0.23 86.63 + 0.34 86.37 + 0.23 86.37 + 0.23 86.55 + 2.69 86.63 + 2.09 86.59 + 2.41 86.63 + 0.12
Data6 95.40 + 0.94 97.60 + 2.21 95.05 + 1.19 97.50 + 0.70 96.60 + 0.46 97.83 + 0.68 95.80 + 0.34 97.85 + 0.77
Data7 51.00 +1.14 52.18 + 2.74 51.85 +1.53 51.81 + 0.58 51.98 + 1.63 52.55 + 0.91 53.19+1.42 53.24 + 0.61
Data8 84.35 + 0.52 87.27 + 0.38 84.00 + 0.68 88.22 + 0.80 83.82 + 0.49 88.22 + 0.09 86.57 + 0.35 88.22 + 0.55
Data9 50.28 + 0.75 49.00 + 1.36 50.49 + 2.12 50.08 + 1.56 51.77 + 0.80 51.20 + 1.04 51.59 + 1.21 51.23 +1.87
DatalO 78.58 + 0.40 77.74 £ 1.32 77.18 + 1.68 77.59 + 1.04 77.09 + 0.81 77.83 + 0.07 77.97 + 0.61 78.66 + 0.79
Datall 81.87 + 0.39 79.46 + 0.76 81.24 + 0.98 80.43 + 1.07 80.62 + 0.64 82.47 + 0.43 81.99 + 0.77 82.44 + 1.46
Datal2 94.48 + 0.53 94.68 + 0.88 94.70 + 0.81 95.00 + 0.88 94.90 + 0.73 94.84 + 0.74 94.86 + 0.60 94.88 + 0.67

Table 7

The mean AE value and variance (%) of fused data on RF.
Dataset Min Mean Max Cai Lin Pan Chen FGIF
Datal 58.23 + 6.98 57.22 + 10.04 59.32 + 4.19 63.26 + 1.33 57.00 + 2.19 59.81 + 2.95 59.87 + 6.13 65.07 + 3.76
Data2 95.53 + 4.15 98.87 + 2.08 98.30 + 3.26 97.76 + 2.76 94.34 + 2.09 97.75 + 1.38 97.21 +1.13 98.87 + 2.23
Data3 93.65 + 1.07 95.23 + 1.50 92.77 + 2.67 96.47 + 1.42 94.70 + 1.90 96.83 + 1.42 97.00 + 1.62 97.30 + 1.54
Data4 69.04 + 2.16 70.65 + 4.18 65.71 + 0.99 69.97 + 2.41 70.31 + 2.22 85.82 + 2.51 69.93 + 3.05 80.55 + 3.26
Data5 88.59 + 2.35 88.52 + 2.15 89.00 + 1.83 89.12 + 2.13 88.57 + 2.24 90.14 + 2.18 89.05 + 2.22 89.99 + 2.10
Data6 96.25 + 0.48 98.05 + 0.37 94.76 + 0.86 98.25 + 0.43 96.60 + 0.43 98.15 + 0.25 97.40 + 0.43 98.25 + 0.25
Data7 53.81 +1.23 54.52+1.13 53.82 + 0.64 54.31 +1.11 54.39 + 0.67 55.17 £ 1.19 54.32 + 0.60 55.58 + 0.96
Data8 94.89 + 0.23 98.56 + 0.27 94.81 + 0.64 99.99 + 0.02 94.85 + 0.28 99.99 + 0.02 100.00 + 0.02 100.00 + 0.02
Data9 53.76 + 0.92 53.46 + 1.08 55.69 + 2.05 54.69 + 1.87 54.43 + 0.68 53.23 + 0.81 53.60 + 1.40 54.00 + 2.09
DatalO 84.96 + 0.49 84.38 + 1.02 84.26 + 0.48 84.32 + 0.78 84.37 + 0.98 85.14 + 0.05 84.11 +1.17 85.29 + 1.21
Datall 90.22 + 0.60 88.85 + 1.91 89.03 + 0.71 89.07 + 0.57 89.44 + 0.34 90.47 + 0.51 97.82 + 0.45 89.00 + 0.29
Datal2 95.02 + 0.71 95.82 + 0.32 95.32 + 0.35 97.74 + 0.56 95.94 + 0.73 97.86 + 0.37 97.70 + 0.49 97.84 + 0.05

Table 8

The mean AE value and variance (%) of fused data on SVM.
Dataset Min Mean Max Cai Lin Pan Chen FGIF
Datal 47.78 + 4.63 49.39 + 7.14 47.91 + 5.39 50.14 + 10.03 48.10 + 4.50 48.72 + 6.52 49.96 + 7.30 55.54 + 7.18
Data2 95.76 + 3.24 97.74 + 2.23 95.62 + 3.54 97.76 + 1.37 96.06 + 1.76 97.74 + 1.14 98.87 + 1.81 98.61 +1.13
Data3 95.41 +1.88 96.99 + 1.52 93.63 + 2.83 97.17 + 1.24 94.69 + 1.42 97.35 +1.43 97.35 +1.52 97.82 + 1.41
Data4 60.92 + 2.08 61.94 + 2.32 59.43 + 2.37 61.59 + 2.73 60.59 + 1.27 63.36 + 2.93 62.68 + 0.56 63.35 + 2.37
Data5 86.70 + 2.67 86.73 + 2.25 86.72 + 2.65 86.28 + 2.78 86.82 + 2.41 86.86 + 2.38 86.67 + 2.41 86.86 + 2.47
Data6 95.89 + 0.58 97.60 + 0.40 95.55 + 0.91 97.95 + 0.56 96.75 + 0.43 97.90 + 0.41 96.80 + 0.56 97.95 + 0.09
Data7 51.18 + 0.94 50.84 + 1.09 50.66 + 0.83 50.96 + 0.57 50.90 + 0.84 51.24 + 0.78 51.12 + 0.75 51.28 + 1.12
Data8 99.13 + 0.15 98.92 + 0.18 98.86 + 0.83 99.21 + 0.07 98.85 + 0.14 99.21 + 0.07 99.17 + 0.10 99.27 + 0.10
Data9 54.32 + 0.57 51.89 + 0.92 53.32 + 1.66 50.30 + 1.13 53.15 + 2.04 53.99 + 1.46 50.74 + 2.09 54.92 +1.01
DatalO 83.66 + 0.46 84.12 + 0.92 83.25 + 0.59 83.25 + 0.55 83.25 + 0.70 83.77 + 0.19 83.25 + 0.70 84.25 + 1.17
Datall 90.05 + 0.57 89.13 + 1.47 89.00 + 0.69 89.00 + 0.36 89.00 + 0.36 90.01 + 0.36 90.02 + 0.36 90.03 + 0.39
Datal2 94.82 + 0.64 94.88 + 0.47 95.16 + 0.48 95.22 + 0.74 95.18 + 0.61 95.30 + 0.74 96.27 + 0.73 95.36 + 0.11
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Table 9
The mean AE value and variance (%) of fused data on DT.
Dataset Min Mean Max Cai Lin Pan Chen FGIF
Datal 53.68 + 3.95 56.32 + 6.67 55.55 + 7.08 58.17 + 7.62 58.22 + 6.80 52.87 + 5.91 58.79 + 1.39 60.66 + 5.52
Data2 89.37 + 4.46 90.47 + 2.18 88.24 + 2.30 90.47 + 2.45 89.88 + 3.74 91.21 + 2.97 92.72 + 4.77 91.41 +1.71
Data3 89.43 + 2.40 91.72 + 1.04 88.38 + 2.47 93.31 + 2.19 91.37 +3.25 93.44 + 2.87 93.31 + 2.11 94.20 + 2.89
Data4 63.12 + 2.06 68.75 + 1.85 59.76 + 2.31 62.51 + 3.23 65.89 + 3.06 76.72 + 3.81 62.17 + 1.89 77.09 + 2.43
Data5 85.17 + 1.89 83.01 + 2.50 85.14 + 2.59 83.47 +1.98 84.04 + 2.78 85.22 + 2.27 83.37 £ 1.35 86.37 + 2.23
Data6 90.74 + 1.28 96.40 + 1.25 90.44 + 0.77 96.50 + 0.34 94.45 + 0.76 96.50 + 0.69 95.75 + 0.37 96.60 + 0.96
Data7 48.26 + 1.98 48.37 + 0.87 47.90 + 1.38 48.38 + 1.07 49.50 + 0.89 49.59 + 1.73 48.27 +1.18 49.27 + 0.35
Data8 93.96 + 0.43 97.83 + 0.33 94.15 + 1.38 99.98 + 0.02 93.95 + 0.16 99.98 + 0.02 99.98 + 0.02 99.98 + 0.02
Data9 52.29 + 1.99 50.89 + 0.56 51.70 + 0.80 50.92 + 1.11 51.64 + 1.04 51.24 +1.32 50.41 + 1.62 51.64 + 1.95
DatalO 80.14 + 1.07 79.13 + 1.50 79.21 + 0.71 79.17 + 1.35 78.84 +1.25 79.88 + 0.09 79.98 + 0.98 80.06 + 0.75
Datall 85.26 + 0.64 85.00 + 1.31 85.08 +1.21 85.14 + 1.75 84.88 + 0.66 86.31 + 1.05 85.62 + 0.88 85.86 + 0.58
Datal2 91.88 + 0.62 93.72 + 0.27 93.18 + 0.53 95.58 + 1.00 93.00 + 0.92 95.54 + 0.89 95.64 + 0.72 95.72 + 0.08
Table 10
The static analysis result of different algorithms.
classifiers algorithms ;{f. Fp p—value
Min Mean Max Cai Lin Pan Chen FGIG

KNN 6.17 4.33 5.75 4.25 5.08 3.25 4.67 2 16.2411 2.6366 2.30 x 102

PNN 5.33 4.92 6.17 4.92 5.42 2.92 3.75 1.67 15.2896 2.4477 3.24 x 102

RF 6.08 5.08 6 3.67 5.67 2.92 4.25 2 25.9590 4.9197 5.12 x 10

SVM 5.25 4.83 6.67 4.42 5.83 2.75 3.75 1.33 20.5989 3.5739 4.41 x 103

DT 5.33 5.42 6.25 4.17 5.5 2.92 4 1.58 19.0190 3.2195 8.12 x 10

fusion algorithms is statistically studied here. In order to achieve this,
the Friedman test is used to compare the classification performance of
different fusion algorithms. The Friedman test [50] can be denoted as:

k 2
) 12N ,  k(k+1)
=——— (YR -—— |,
YEZ Rk D) Z; j 4
(N - Dyt
Fp=——"1
N(k—1)— z%

where, N and k are the number of datasets and algorithms in the
experiment, and R; is the average ranking of the algorithms on all
datasets by the classification. F represents the F—distribution with(k —
1) and (k — 1)(N — 1) degrees of freedom. The critical difference can be
described as:

k(k +1)
Pa =\ Ton

The acquirement [20] of the average ranking value is as follows: the
best-ranking value under accuracy metrics is set as 1, the 2nd-ranking
value is set as 2 and so on. According to the Tables 5-9 the ranking
value of each algorithm under every dataset could be obtained. Then
the average ranking value of each algorithm can be calculated. Finally
the value of ;(fr and Fj can be computed.

The specific results of Friedman test for KNN, PNN, RF, SVM and
DT are shown in the Table 10, in which FGIF algorithm have the best
ranking value and P-value both lower than 0.05 under all algorithms. It
has been known that number of algorithms k = 8, number of datasets
N = 12, and the critical point ¢, s in the Nemenyi test is 2.569, so
critical difference C D5 = 2.569. For further illustrating the difference
between the 8 fusion algorithms, the CD chart Fig. 8 is used to to connect
methods that do not di?er signi?cantly from each other, and it is possible
to clearly illustrate the extent of the differences between the different al-
gorithms. As can be seen in the Fig. 8, FGIF has the best average ranking
for all classifiers and is significantly better than the algorithms Min, Max,
Lin, Chen. Generally speaking, the FGIF algorithm proposed in this pa-
per outperforms other algorithms in terms of classification effectiveness
under the Friedman test.

16

4.3. The comparison of efficiency for different algorithms

In addition to the effectiveness of an algorithm, the efficiency of its
running is also an important criterion. In this subsection, the running
efficiency of FGIF algorithm will be compared with the other four algo-
rithms: Lin, Pan, Chen and Cai, and the running time of each algorithm
on each dataset is shown in Table 11, and its visualization is shown in
Fig. 9.It should be noted that due to the large sample sizes of Datal2
and DatalO, during the experiments conducted by the Cai, Chen, Pan
algorithm, the sampling method was adopted to extract the samples.
Then, based on the relationship between the algorithm’s time complex-
ity and the samples, a proportion factor was multiplied to finally obtain
the algorithm’s running time.

According to the Fig. 9 and Table 11, it can be obvious to obtain
the efficiency of FGIF algorithm. The FGIF algorithm has a lower run-
ning time than the other algorithms on 11 datasets.Even though the
efficiency is not the highest on Dataset9, it still has strong competi-
tiveness compared to the other algorithms. Compared to Lin, the FGIF
algorithm is slightly more efficient than Lin, and compared to Pan,
Chen, Cai, the FGIF algorithm runs much more efficiently than these
algorithms, especially in large samples datasets. In contrast, the FGIF al-
gorithm calculating the dominance-rectangular granularity through the
construction of the tree, compared with other algorithms with calculat-
ing rough set of other types, its time complexity is much lower than
other algorithms. If more data samples are used in the implementation,
the efficiency advantage of the algorithm proposed in this paper will
be greater. However, this advantage can only be achieved by storing a
binary tree of O(nlogn) size. Considering the current level of memory
devices, this trade-off of time is worthwhile.

Here the effectiveness and efficiency of the algorithms are com-
prehensively reviewed, Cai and Pan are closer to the FGIF algorithm
proposed in this paper in terms of fusion effectiveness, but their run-
ning efficiency is much lower than that of the algorithm, while Lin is
closer to the FGIF algorithm in running efficiency, but much lower than
the FGIF algorithm in fusion effectiveness. Considering both effective-
ness and efficiency, the FGIF algorithm is much better than the other
algorithms.
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Table 11

The runtime(s) comparison with other algorithms on all datasets.
Dataset FGIF Lin Pan Chen Cai
Dataset1 4.8699 8.1529 53.3829 76.994 4.9271
Dataset2 0.1661 0.7353 0.8225 0.646 0.7024
Dataset3 1.4662 1.5895 2.7841 3.023 2.0254
Dataset4 40.131 62.537 652.6393 667.376 632.507
Dataset5 0.6057 0.9497 2.4432 1.0802 1.9143
Dataset6 1.3015 1.4693 4.8097 2.5014 7.1646
Dataset7 1.9241 2.0373 18.1267 9.3776 41.6208
Dataset8 4.8735 5.9341 231.618 91.5042 674.626
Dataset9 99.4812 92.3773 37,086.1612 12,380.339 58,774.519
Datasetl0 226.8489 239.091 1,188,510.811 89,892.52 4,706,532.63
Datasetll 357.9939 361.228 342,052.378 125,133.965 538,047.367
Dataset12 898.3437 947.089 1,059,791.934 627,457.161 2,769,536.866

5. Conclusion

In the introduction part of this paper, this study has illustrated
that there are still shortcomings in the existing feature selection or
information fusion framework based on rough sets: The computational
complexity of the sample space distance in the neighborhood rough set
is O(n?), which is inevitable. Meanwhile, the existing fusion algorithms
for multi-source order decision information systems are relatively few.
Moreover, since distance calculation is necessary in the acquisition of
neighborhood rough sets, this also leads to the fact that most algorithms
based on rough sets are sensitive to noise.

In this paper, an efficient graph-driven information fusion algorithm
framework based on dominant rectangular granularity for MS-ODIS is
developed. The main contributions of this algorithm are: i) reducing
the time cost of calculating rough sets significantly, ii) proposing a
novel information fusion framework by utilizing graph theory, and iii)
demonstrating that the algorithm of neighborhood rough set in this pa-
per which essentially uses the distance relationship between samples,
is not sensitive to noise thereby providing a possibility to handle noisy
data in the real world. For novelty, specifically, it involves replacing
the calculation of the real space distance of samples in the traditional
neighborhood rough set method, with the calculation of the rectangu-
lar neighborhood rough set. This is achieved by using the distance and
introducing the adjacency matrix of the graph to aggregate the distance
information between all samples thereby evaluating the dominance re-
lationship of attributes more accurately. In the experimental part, the
results are compared with other existing algorithms for effectiveness and
efficiency across 12 datasets. The results of the experiments also provide
evidence that the FGIF algorithm proposed in this paper achieves high
operational efficiency while maintaining effectiveness compared with
other algorithms.

However, there are still two improvements in this paper: i) Firstly,
although the time complexity of computing the distance between sam-
ples is reduced from O(n?) to O(nlogn) in this paper, the essence is that
it trades space for time. We need to maintain a balanced binary tree in
the cache to ensure that it can be queried at any time. ii) The flexibility
of rough set granularity calculation is limited. In this algorithm, the dis-
tance r between samples is fixed to an integer which is determined by
the structure of the balanced binary tree. This approach gives up the un-
bounded neighborhood radius in the traditional neighborhood rough set
calculation. This limitation greatly reduces the possibility and diversity
of coarse or fine granularity.
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