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ARTICLE INFO ABSTRACT

Keywords: Feature selection for interval-valued data remains challenging when uncertainty, class imbalance,
Class-imbalance-aware feature selection and complex feature correlations coexist. Existing fuzzy-rough methods may be biased toward
Interval-valued information systems majority-class discrimination and usually provide limited modeling of complementarity and
Fuzzy-rough feature selection redundancy. To address these issues, this paper proposes CASR-FS, a supervised class-imbalance-

Adaptive synergy-redundancy

M F1 aware fuzzy-rough feature selection method for interval-valued data. CASR-FS integrates a
acro-

macro-averaged approximation-quality dependency measure, an FJMI-based collaborative gain
term, and an adaptive conditional redundancy penalty into a unified sequential selection crite-
rion. Experiments on 14 public datasets with KNN, SVM, and DT show that CASR-FS achieves
the highest average classification accuracies of 78.26%, 75.30%, and 75.41%, respectively, while
selecting compact subsets on average, especially under KNN and SVM. The Macro-F1 analysis
further indicates favorable class-wise performance under different imbalance ratios. These results
demonstrate that CASR-FS provides an effective and practical balance among class sensitivity,
discriminative ability, complementarity, redundancy control, and subset compactness.

1. Introduction

In many real-world applications, data are not only high-dimensional but also uncertain and imprecise due to measurement errors,
sensor noise, and inherent variability. Feature selection has therefore become an indispensable preprocessing technique in machine
learning and data mining, as it aims to retain informative and discriminative features while removing redundant ones [1]. Instance-
wise joint feature selection further links feature choice with classification performance [2]. Neighborhood rough-set reduction also
shows the value of selected attributes for incomplete decision systems [3]. When the value of an attribute cannot be precisely de-
termined, representing it as an interval rather than a single point provides a natural way to preserve uncertainty information [4].
Interval-valued implication and equality structures provide another basis for reasoning with interval information [5]. Consequently,
developing effective feature selection methods for interval-valued data has become an increasingly important research topic [6].

Rough set theory (RST) [7] provides a classical mathematical framework for uncertainty modeling and has been widely studied in
feature selection [8]. However, conventional RST is mainly applicable to symbolic data, and the discretization of continuous attributes
may lead to information loss [9]. To overcome this limitation, fuzzy rough set (FRS) theory [10] extends the rough-set framework
by incorporating fuzzy similarity. Rough-set models have been used to handle fuzzy interval values in group decision-making [11].
The probabilistic treatment of fuzzy events provides an early theoretical basis for connecting fuzziness and uncertainty [12]. Recent
FRS-based feature selection has also introduced robust vague quantifiers for ordinal classification [13]. From an information-theoretic
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\begin {align*}\begin {aligned} &AQ_{\mathcal {P}_1}(\mathcal {C}) = \frac {90\times 0.92 + 10\times 0.30}{100} = 0.858, \\ &AQ_{\mathcal {P}_2}(\mathcal {C}) = \frac {90\times 0.85 + 10\times 0.70}{100} = 0.835, \\ &AQ_b(\mathcal {P}_1,\mathcal {C}) = \frac {0.92+0.30}{2} = 0.61, \\ &AQ_b(\mathcal {P}_2,\mathcal {C}) = \frac {0.85+0.70}{2} = 0.775. \end {aligned}\end {align*}


\begin {align*}&\mathcal {CREL}(f_q, \mathcal {S}, \mathcal {C}) + \mathcal {COM}(f_q, \mathcal {S}, \mathcal {C}) + \mathcal {ITR}(f_q, \mathcal {S}, \mathcal {C}) \\ =& -\frac {1}{|\mathcal {O}|} \sum _{i=1}^{|\mathcal {O}|} \log _2 \left ( \frac {\Gamma _i^{qS}\Gamma _i^{qC}}{\Gamma _i^{qSC}\Gamma _i^q} \cdot \frac {\Gamma _i^{qS}\Gamma _i^{SC}}{\Gamma _i^{qSC}\Gamma _i^S} \cdot \frac {\Gamma _i^{qSC}\Gamma _i^q\Gamma _i^S\Gamma _i^C} {|\mathcal {O}|\Gamma _i^{qS}\Gamma _i^{qC}\Gamma _i^{SC}} \right ) \\ =& -\frac {1}{|\mathcal {O}|} \sum _{i=1}^{|\mathcal {O}|} \log _2 \frac {\Gamma _i^{qS}\Gamma _i^C}{|\mathcal {O}|\Gamma _i^{qSC}} \\ =& -\frac {1}{|\mathcal {O}|} \sum _{i=1}^{|\mathcal {O}|} \log _2 \frac {|{[o_i]}_{f_q} \cap {[o_i]}_{\mathcal {S}}| \cdot |{[o_i]}_{\mathcal {C}}|} {|\mathcal {O}| \cdot |{[o_i]}_{f_q} \cap {[o_i]}_{\mathcal {S}} \cap {[o_i]}_{\mathcal {C}}|} \\ =& FJMI(f_q, \mathcal {S}; \mathcal {C}).\end {align*}


\begin {align*}\begin {split} &\mathcal {CREL}(f_q, \mathcal {S}, \mathcal {C}) + \mathcal {COM}(f_q, \mathcal {S}, \mathcal {C}) + \mathcal {ITR}(f_q, \mathcal {S}, \mathcal {C}) \\ &= FCMI(\mathcal {S}; \mathcal {C}|f_q) + FCMI(f_q; \mathcal {C}|\mathcal {S}) + FII(f_q; \mathcal {S}; \mathcal {C}) \\ &= FJMI(f_q, \mathcal {S}; \mathcal {C}) \end {split}\end {align*}


\begin {align}F_F &= \frac {(T - 1)\chi _F^2}{T(s - 1) - \chi _F^2},\label {autoeq:1}\\ \chi _F^2 &= \frac {12T}{s(s + 1)} \left ( \sum _{i=1}^s R_i^2 - \frac {s{(s + 1)}^2}{4} \right ),\label {autoeq:2}\end {align}
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perspective, fuzzy probabilistic approximation spaces provide information measures for fuzzy granules [14]. Fuzzy-rough minimum
classification error criteria further connect fuzzy-rough evaluation with classification performance [15].

Building on this foundation, a number of studies have extended FRS-based feature selection to different interval-valued and
uncertainty-aware settings. For example, Jensen et al. proposed a fuzzy set model with interval values for handling missing-value data
[16]. Li et al. developed an interval-valued feature selection method based on interval dominance relations for ordered information
systems [17]. Chen et al. improved attribute reduction by introducing a fuzzy discernibility matrix [18]. Dong et al. designed an
incremental feature selection method with fuzzy rough sets for dynamic datasets [19]. From a structural perspective, Zhang et al.
combined graph-theoretic ideas with granular-rectangular neighborhood rough sets for interval-valued feature selection [20]. These
studies demonstrate the effectiveness of FRS-based models for interval-valued data, but they do not fully address the additional
challenges discussed below.

However, despite its advantages in handling uncertainty, the standard FRS framework still faces an important challenge in class-
imbalanced settings. Conventional FRS dependency measures are typically influenced more heavily by the majority class, which may
bias feature selection toward majority-class discrimination and may overlook minority-informative features. To alleviate this issue,
several studies have introduced specialized strategies. For instance, Xu et al. refined neighborhood construction by combining §-
neighborhoods with k-nearest neighbors to better handle mixed samples in imbalanced data [21], and also proposed a local composite
entropy criterion for imbalanced fuzzy data [22]. Although these studies have improved class-imbalance handling to some extent,
they mainly modify neighborhood structures or evaluation criteria, rather than directly addressing the bias inherent in dependency
evaluation itself.

In addition to the issue of class imbalance, another important challenge lies in modeling complex feature correlations [23].
Many practical FRS-based algorithms still adopt relevance-dominant search strategies or consider only limited-order correlations,
without explicitly modeling complementarity and synergy [24]. More broadly, the feature selection literature has developed a
variety of strategies to balance relevance and redundancy. The minimum redundancy maximum relevance framework is a repre-
sentative relevance-redundancy criterion [25]. Conditional mutual information-based selection evaluates feature usefulness under
already selected variables [26]. Graph-based filtering models provide another way to rank features through structural relationships
[27]. Redundancy-complementariness dispersion explicitly models redundant and complementary information in feature selection
[28]. Interaction-aware feature selection further evaluates dependencies among features beyond individual relevance [29]. Feature-
interaction criteria have also been applied to text categorization [30]. Fuzzy information-theoretic feature selection has further
considered relevance, redundancy, and complementarity criteria [31]. FFS-MCC fuses approximation and fuzzy uncertainty measures
for multi-correlation collaboration [32]. These studies provide valuable insights into correlation-aware feature selection. However,
they either focus on single-valued data or do not jointly address class imbalance and feature correlation modeling within a unified
FRS framework for interval-valued data.

Taken together, despite considerable progress in FRS-based feature selection, an important research gap remains: there is still a lack
of a unified framework that simultaneously addresses interval-valued uncertainty, class imbalance, and complex feature correlations.
Existing methods usually treat these challenges separately rather than jointly, which limits their effectiveness in real-world scenarios
where these factors coexist.

The literature can be summarized from three aspects. Interval-valued fuzzy-rough methods mainly address uncertainty represen-
tation but usually do not correct majority-class bias. Imbalance-oriented rough-set methods improve class sensitivity but generally do
not model higher-order complementarity and redundancy. Correlation-aware selection methods characterize relevance, redundancy,
or interaction, but most are designed for single-valued data or do not incorporate class-balanced fuzzy-rough dependency evaluation.
Therefore, a unified framework is still needed to connect interval-valued uncertainty modeling, class-imbalance-aware dependency
evaluation, and adaptive synergy-redundancy analysis.

To address this research gap, this paper proposes the Class-Imbalance-Aware Adaptive Synergy-Redundancy Feature Selection
(CASR-FS) algorithm. CASR-FS is a supervised fuzzy-rough feature ranking method for interval-valued data. It evaluates candidate
features by jointly considering class sensitivity, feature collaboration, and redundancy control.

The main contributions of this paper can be summarized as follows.

We establish a unified fuzzy-rough feature selection framework for class-imbalanced interval-valued data, in which class-
balanced dependency evaluation, feature interaction modeling, and adaptive conditional redundancy control are integrated
within a single selection criterion.

We adapt macro-averaged approximation quality to the fuzzy-rough dependency evaluation of class-imbalanced interval-valued
data, so that each class contributes equally to the dependency score.

We incorporate a collaborative gain term based on fuzzy joint mutual information and an adaptive conditional redundancy
penalty, enabling the selected subset to balance discriminative ability, complementarity, and redundancy control within a single
evaluation criterion.

Through extensive experiments on 14 public datasets with multiple classifiers, together with non-parametric significance tests,
we show that CASR-FS achieves favorable overall performance, with consistent advantages in classification accuracy, Macro-F1
scores, and balanced performance across varying imbalance ratios.

The remainder of this paper is organized as follows. Section 2 introduces the necessary theoretical preliminaries. Section 3 details
the proposed CASR-FS method. Section 4 presents and analyzes the experimental results. Finally, Section 5 concludes the paper and
discusses future work.
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Table 1
Summary of main notation.

Symbol Description

O={o,...,0,} Object set with n samples.

F={fiseeos S} Conditional feature set with m features.

C,C, K Decision attribute, the kth decision class, and the number of classes.

P,.O.T Generic feature subsets used in fuzzy information measures.

S, 1, Currently selected feature subset and a candidate feature.

[o;1p Fuzzy knowledge granule induced by P for object o,.

R 7 Rp Fuzzy similarity relation induced by feature f; and by subset 7.

AQ, AQ, Approximation quality and balanced approximation quality.

FCMI,FIMI, FI1 Fuzzy conditional mutual information, fuzzy joint mutual information, and fuzzy interaction information.
CREL, COM, ITR, CRED Conditional relevance, complementarity, interaction, and conditional redundancy.
a Adaptive redundancy coefficient, defined as 1/|S| when S # §.

R, S, Generated feature ranking and final selected subset under the evaluation protocol.

2. Preliminaries

This section introduces the theoretical preliminaries used in CASR-FS. Section 2.1 defines the interval-valued information system
and the corresponding fuzzy rough set model. Section 2.2 then presents the fuzzy uncertainty measures derived from fuzzy knowledge
granules. For readability, Table 1 summarizes the main symbols used throughout the paper.

2.1. Fuzzy rough sets for interval-valued data

In an interval-valued information system (IVIS), each conditional attribute value is represented by an interval rather than a
single point. Formally, an IVIS is described as a tuple (O, F u C), where O = {o0,,0,,...,0,} is a non-empty finite set of objects,
F ={f1, f2 ..., [n} is @ non-empty finite set of conditional features, and C denotes the decision attribute. For any object o, € © and
feature f; € F, the value f;(o,) is an interval [/;;,u;;], where /;; and u;; denote the lower and upper bounds, respectively. The decision
attribute induces a partition ©O/C = {C;,C,, ..., Cg} of the object set, where each decision class C, is treated as a crisp fuzzy set and
C,(0;) € {0,1} indicates whether o, belongs to C. If o; € C}, the decision-induced granule [o,]. is represented by the crisp fuzzy set
C,.

A relation R 7, on the object domain O is called a fuzzy similarity relation if it satisfies the following properties for any o;, 0, € O:

1. Reflexivity: R 7,000 =1;
2. Symmetry: R (0;.0,) = R (0. 0,)-

For interval-valued data, attribute values are first normalized to the range [0, 1] using the max-min method before fuzzy similarity
construction. In the experiments, real-valued features are first transformed into intervals and then normalized. For each feature, the
lower and upper bounds are normalized using the same feature-level minimum and maximum parameters, so that interval widths
and relative positions remain comparable after scaling. If a feature is constant and the max-min denominator is zero, all normalized
lower and upper bounds are set to O to avoid an undefined scaling result. Then, for any f; € F, the fuzzy similarity relation R 1
between o; and o, on f; is defined as

max (0, min(u;;, uy;) — max(l;;, ;)

Ry (0. 0,) = (€))

max(u;;, uy;) — min(l;;, [y ;)

The relation Rf/ can be represented by a fuzzy similarity matrix, i.e., My 5= R 5, (0;, ok))nxn' In the rare case where the denom-

inator in Eq. (1) is zero, the two intervals are identical singleton intervals; their similarity is set to 1 to preserve reflexivity. It also
induces a fuzzy knowledge granule (FKG) for each object o; with respect to feature f;, denoted by [o;] 5 Here, [0;] 5, is a fuzzy set in
which the membership degree of any object o, is given by R 7,(0505)-

For a feature subset P C F, the corresponding fuzzy similarity relation on O is defined as Ry (0;, 0;) = min r,epiRy, (01,00} This
subset-level relation aggregates the object similarity induced by all features in P through the minimum operator. The minimum
operator is adopted as a conjunctive aggregation of feature-wise similarities in the fuzzy rough set model. In interval-valued data,
it reflects the overlap structure of the feature intervals under the selected subset and provides the basis for the induced fuzzy rough
approximations.

Based on this subset-level relation, the fuzzy lower and upper approximations of a decision class C, with respect to a feature
subset P are defined as

&(Ck)(o[) = gi»%% sup{1 — Rp(0;,0;), C0))}. ()
R_p(Ck)(Oi) = su%inf{Rp(oi,oj), Cr(op)}. 3)
0;€
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Definition 1. The dependency of the decision attribute C on a feature subset P is measured by the approximation quality (AQ),
defined as
[Posp(O)]  Xoeo Posp(€)(0)

AQp(C) = = , 4
0p(C) o] o] @

where Pos,(C) is the fuzzy positive region of C with respect to P, which is calculated by UCke(ﬂ /¢ Rp(Cp).

The approximation quality measures the proportion of objects that can be consistently classified by the feature subset P. A higher
AQ value indicates that the subset has stronger discriminative ability.

2.2. Fuzzy uncertainty measures

While approximation quality characterizes uncertainty from an algebraic perspective, information-theoretic measures provide
a complementary view. In this paper, they are defined through the cardinalities of fuzzy granules rather than through statistical
probabilities. They are later used to characterize conditional relevance, collaborative gain, and higher-order interaction in Section 3.3.

Definition 2. For three granule-inducing sets P, Q, and 7, each of which may be a feature subset or the decision partition C, the
fuzzy conditional mutual information is defined as
1 ] |[0i]'r N [0,']73| . |[0i]7 n [Oi]gl
Z log,
i=1

FCMIP;Q|T)=—-—— s
POIT) = ~{a] 1oy o1 A o, - Tioyly |

)

where “"i]P denotes the cardinality of the granule induced by P. When P is a feature subset, it is computed by ZL.ZII Rp (0,0 j);
when P = C, [o;] denotes the corresponding crisp decision-class granule defined above. For numerical stability, zero cardinalities
appearing in denominators or logarithmic arguments are lower-bounded by a small constant ¢ = 10~'? in implementation. Fuzzy
conditional mutual information measures how much new information P provides about Q when the information from 7 is already
known.

Definition 3. For three granule-inducing sets P, Q, and 7, the fuzzy joint mutual information between the joint information induced
by P and Q and the target 7 is defined as

10|
1 |[0[]7J n [oi]Ql . |[0,']T|
FIMIP,Q;T)=—-— ) lo . 6
] 21 #2101 - Tlolg N 101y N [T
Fuzzy joint mutual information quantifies how much information the feature subsets 7 and Q jointly provide about 7.
Definition 4. For three granule-inducing sets P, Q, and 7, the fuzzy interaction information among them is defined as
o llo;]p N [oilg N L0171 - lloilp] - llo]g| - lloilr |
FII(P;0;T) = _ 1 zloz‘%z P Q T P Q T . @
O] O] - lo;]p N [0[]Q| Nlolp N o171 - |[0,']Q N o171

i=1
Fuzzy interaction information characterizes higher-order interactions that cannot be fully captured by pairwise relations alone.

Together, these measures provide the information-theoretic foundation for the collaboration and redundancy analysis developed
in Section 3.3.

3. The CASR-FS method

In this section, we present the proposed CASR-FS method. Section 3.1 introduces the overall framework. Section 3.2 presents the
class-imbalance-aware dependency measure, and Section 3.3 describes the synergy and redundancy analysis. Section 3.4 then defines
the unified objective function, followed by the complete CASR-FS algorithm in Section 3.5.

3.1. The CASR-FS framework

The CASR-FS framework is illustrated in Fig. 1. Given an interval-valued information system as input, the method first constructs
a fuzzy similarity relation for each feature and then induces the corresponding fuzzy knowledge granules, which provide the basis
for subsequent fuzzy-rough and information-theoretic evaluation. CASR-FS is a supervised feature selection method because both the
balanced approximation quality and the fuzzy information measures explicitly use the decision attribute C.

Based on this representation, CASR-FS evaluates candidate features from two complementary perspectives. From the fuzzy-rough
perspective, it computes class-wise lower approximations and derives the class-imbalance-aware dependency measure AQ, to assess
class-balanced discriminative ability. From the information-theoretic perspective, it analyzes four types of feature relationships:
conditional relevance, complementarity, interaction, and conditional redundancy. The first three are summarized through an FJMI-
based collaborative gain term, while the last is modeled as an adaptive conditional redundancy penalty. These components are then
integrated into the unified objective function introduced in Section 3.4, which is used in a sequential forward ranking procedure to
generate a feature ranking. Finally, nested subsets induced by this ranking are evaluated, and the subset with the best classification
performance is selected.
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Interval-valued
Information System

Construct the fuzzy similarity relation matrix M Ry,
and the fuzzy knowledge granules FKGs
I

2

¥
Calculate complex feature correlations:
conditional relevance.
complementarity . interaction,
conditional redundancy

Calculate Fuzzy Lower
Approximation
Rp(Ci)(01)

¥ )
( Calculate Synergy Gain Term } ‘ Calculate Adaptive Conditional } ‘ Calculate Class-Imbalance-Aware W

FIMI(fy, S; C) = CREL + COM + ITR Redundancy Penalty a- CRED Dependency Measure AQ,

[ I I
¥

Construct Objective Evaluation Function:
Jeasr-rs(fz) = AQy(f, €) % (1 + FJMI(fy, S; C)) — a - CRED(fy,S,C)
I

Obtain the feature ranking and calculate the optimal feature subset
with the specified classification algorithm

Fig. 1. The framework of the proposed CASR-FS algorithm.

3.2. Class-imbalance-aware dependency measure

Another challenge in feature selection for real-world data is class imbalance. The standard dependency measure, approximation
quality, can be sensitive to this issue. Because the conventional approximation quality is calculated over the entire sample space,
it functions as a micro-average, where samples from the larger majority class disproportionately dominate the final score. This bias
may lead the selection process to favor features that are effective mainly for the majority class, while overlooking features that may
be informative for minority-class discrimination.

To address this limitation, we define Balanced Approximation Quality (AQ,). It replaces the conventional micro-average with a
class-wise average. Instead of calculating a single dependency value over all samples, AQ, computes approximation quality for each
class and then averages the resulting scores to obtain the final dependency value, as described in Definition 5.

Definition 5. Let the set of decision classes be {C|,C,, ..., Cg}. The balanced approximation quality of a feature subset P is defined
as
AOMP. Oy = S AO(Cy = & Zoeq, Rp(CO0) ®
Q,(P, )—Ekz:; Op( k)_E;W—H

By design, this macro-averaging strategy ensures that every class, regardless of its size, contributes equally (with a weight of 1/K)
to the final score. As a result, the influence of the majority class is reduced, and the evaluation places greater emphasis on balanced
discriminative ability across classes.

To illustrate this intuition, consider a binary imbalanced dataset with |C;| = 90 and |C,| = 10, where C, is the majority class.
Suppose two candidate feature subsets, P, and P,, produce the class-wise approximation qualities AQp, (C)) =092, AQp, (C,) = 0.30,
AQp,(Cy) = 0.85, and AQp,(Cy) =0.70. Then

90 % 0.92 4+ 10 x 0.30

AQp (O) = =57~ =0858,
Ay, () = 20X 0,851-(;010 X070 _ o eas
A0,(P,.c) = 2221030 - 030 _ y61,
AQyPy, ) = EEET0 — 775,

Under the conventional micro-averaged dependency measure, P; would be preferred because its performance on the majority
class dominates the final score. In contrast, AQ, favors P,, since it provides substantially better discrimination for the minority class
while maintaining good performance on the majority class. Therefore, AQ, provides a more balanced assessment of the discriminative
ability of a feature subset under class imbalance.

3.3. Synergy and redundancy analysis

Although the dependency measure in Section 3.2 evaluates the class-balanced relevance of a candidate feature, it does not explicitly
characterize how that feature interacts with the subset of features already selected, denoted by S. In sequential feature selection,
however, the contribution of a candidate feature depends not only on its individual relevance to the class but also on whether it
provides complementary information or introduces redundant information relative to S.

5
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To address this issue, CASR-FS analyzes the relationship among a candidate feature f,, the selected subset S, and the decision
class C through four types of correlations: conditional relevance, complementarity, interaction, and conditional redundancy. The first
three characterize positive collaborative information, whereas the last captures overlapping information that should be penalized
during selection.

Definition 6. Given a candidate feature f,, the conditional relevance measures how much discriminative information the selected
subset S still provides about the class C when f, is known. It is calculated by

CREL(f,.S.C) = FCMI(S;C|f,). 9)
This term reflects the residual contribution of S to class discrimination after conditioning on f,.

Definition 7. Conditioned on the selected subset S, complementarity measures the additional classification information provided by
the new candidate feature f, for the class C. It is calculated as

COM(f,,S,C)=FCMI(f,;C|S). 10)
This term measures how much additional discriminative information f, contributes beyond what is already provided by S.

Definition 8. The interaction among the candidate feature f,, the selected set S, and the class C is defined using the fuzzy interaction
information:

ITR(f;> S, C) = FII(f;;S;0). an

This term captures the three-way interaction among f,, S, and C, and is used to describe interaction effects that are not reflected
by conditional relevance or complementarity alone.

Definition 9. Conditioned on the class C, conditional redundancy measures the information shared between the candidate feature
f, and the selected subset S. It is calculated as

CRED(f,,S.C) = FCMI(f,; S|C). (12)
This term quantifies the amount of class-conditional overlapping information between f, and S.

Definition 10 (Collaborative Gain Analysis). For a candidate feature fos the selected subset S, and the class C, the sum of con-
ditional relevance, complementarity, and interaction can be expressed as fuzzy joint mutual information. This relationship is given
by

CREL(f,.S.C)+ COM(f,.S.C) + ITR(f,. S.C)
= FCMI(S:C|f,)+ FCMI(f,:C|S)+ FI11(f,: S;C)
= FIMI(f,.S:C)

Proof. For brevity, for each object o, € O, let T = |[°i]fq |, 5 = |[o,]5l, and T'C = |[0,].|. In addition,
s c
F? = |[Oi]fq n [0,']5|, Fq = |[0 ﬁ [0 ]c|
%€ = [0 nlojlel, TP = |[o;]fq nlols Nlocl-

Substituting these quantities into the three terms gives

I v
CREL(f,,S.C) = Z 0% FqSCFq

i=

10| FqSFSC

COM(f,,S.C) = IOIZ gZFqSCFS

. 10| FqSCFqFSFC
ITR(f,,S.C) =
(fy ) o] ~ Z 082 T S aCsC |0|rqsqursc

Adding the above three equalities and using log, a + log, b + log, ¢ = log,(abc), we obtain

CREL(f,, S,C) + COM(f,, S,O) + ITR(f,, S, C)

|0] reSri€  raSpsc paSerapse

— Z og . i i . i i

Clop & (rqscr" rSers |(9|r‘.’sr‘.'cr.sc>
1 1 1 1 1

10| rquC

= |(9|z 08 —~¢~

|0|rqSC
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101 [lo;]; Nlo;ls| - Ilo]c]
—_ L Z log, fq S c
01 & °% 101 TlogT,, nlols lorlc]

=FIMI(f,.S;C).

O

According to the above analysis, conditional relevance, complementarity, and interaction can be treated jointly as positive collab-
orative information and summarized by the FJMI term, whereas conditional redundancy acts as a penalty term. This decomposition
also makes the different roles of the four relationships explicit and provides the basis for the unified objective function in Section 3.4,
where collaborative contribution and redundancy control are incorporated simultaneously during feature evaluation. Here, FJMI is
interpreted as a fuzzy-granule-based collaborative information score. Under the adopted definitions and the e-smoothed implementa-
tion, the non-degenerate values used in our experiments are non-negative. Nevertheless, because fuzzy-granule information measures
are not probability measures in the strict statistical sense, pathological numerical cases may yield very small or slightly negative
values.

3.4. Objective function

To evaluate each remaining candidate feature during sequential selection, CASR-FS uses a unified objective function that jointly
considers class-balanced dependency, collaborative gain, and conditional redundancy.

Definition 11 (Objective Function). For a candidate feature f, € 7\ S with |S| > 1, its objective score is defined as
Jeasr-rs(f) = AQ({ £}, O)x (1 + FIMI(f,, S:0)—a- CRED(f,, S, 0), (13)

where AQ,({f,},C) denotes the balanced approximation quality of the singleton feature subset {f,}, and the adaptive coefficient «
is defined as 1/|S]|.

When S = ¢, the first feature is initialized by maximizing AQ,({ f, 71,0 In this case, the collaborative gain term and the redundancy
penalty are not involved.
The objective function combines the following three considerations.

« The term AQ,({f,},C) measures the class-balanced discriminative ability of the candidate feature f,. By using the macro-
averaged dependency evaluation in Section 3.2, this term reduces the bias of conventional dependency measures toward majority
classes.

The factor (1 +FIMI(f,,S; C)) serves as a collaborative gain term. According to Definition 10, it reflects the joint contribution
of the candidate feature and the selected subset through conditional relevance, complementarity, and interaction. A larger FJ M I
value leads to a larger contribution from the dependency term. If FJM 1 is very small or slightly negative in a pathological
numerical case, this factor weakens the singleton dependency contribution; when the candidate is synergistic with the selected
subset, it strengthens the contribution.

The term « - CRED(f,, S, C) acts as an adaptive conditional redundancy penalty. It suppresses candidate features that share
excessive information with the current subset. Here, “adaptive” specifically refers to the subset-size-dependent coefficient a« =
1/|S]. Since a = 1/|S|, the redundancy penalty is relatively stronger when the selected subset is small and becomes gradually
moderated as the subset grows, which helps avoid excessive penalization in later stages.

Therefore, the proposed objective function provides a unified criterion for balancing class-sensitive discrimination, collaborative
information, and redundancy control during sequential feature selection. The singleton dependency term AQ,({ f,},C) is used instead
of AQ,(S U { fq1,0) to keep the first factor candidate-specific and stable during each iteration, while the influence of the current
subset is introduced through F/M I and CRED. Thus, J-,gr_rs 1S used as a heuristic sequential ranking criterion rather than a
monotonic set-function guarantee; the score of a candidate may change with S because collaborative and redundant relations are
subset-dependent.

3.5. The CASR-FS algorithm

Algorithm 1 summarizes the complete procedure of CASR-FS. The method first computes the singleton balanced approximation
quality AQ,({f,},C) for each feature f, € F. The feature with the largest singleton dependency score is then selected to initialize the
selected subset S and the ranking sequence R. After initialization, CASR-FS performs sequential forward ranking. For each remaining
candidate feature f, € 7'\ S, the algorithm evaluates Jc 4sr_rs(f,) using the corresponding FJ M I and CRED terms, and appends
the best-scoring feature to S and R. The ranking generation is the algorithmic core of CASR-FS. After the ranking is obtained, the
nested subsets induced by R are evaluated by a specified classifier, and the subset with the highest classification accuracy is returned
as S,,. In the experiments of this paper, this subset-evaluation step is implemented using five-fold cross-validation. Ties are broken
by the current candidate order and then by the smallest subset size.

Let n, m, and K denote the numbers of objects, features, and classes, respectively. The singleton precomputation stage requires
O(mKn?), since each feature needs an n X n similarity matrix and class-wise lower approximations. After initialization, the ranking
stage evaluates the remaining candidates iteratively, and each FJ M I/CRED computation costs O(n>) when the singleton similarity

7
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Algorithm 1: The CASR-FS Algorithm

Input: IVIS = (O, F U C) and a classifier for subset evaluation.

Output: S, .

R<0S<0

fort=1tomdo
Calculate the fuzzy similarity relation on f, using Eq. (1)
Obtain the fuzzy similarity matrix and the set of fuzzy knowledge granules induced by f,
Calculate the fuzzy lower approximations using Eq. (2)
Calculate AQ,({ f,},C) using Eq. (8)

end

Frest < arg max; oy AQY({(£,1.0) S < { fier)

R<R&® f best

while |S| < |F| do

1 foreach candidate feature f, € 7\ S do

© ® N o U b w N =

-
=]

12 Calculate FJMI(f,,S;C) according to Definition 3
13 Calculate CRED(f,, S, C) according to Eq. (12)

14 Calculate J¢ 4 sg-ps(f,) using Eq. (13)

15 end

16 | fresr < A MaXy ep\s Joasr-rs(fg) S < SU{fpenl

17 R < R® fres

18 end

19 Let {Rk}}z'l be the set of nested subsets induced by R, where R, = {R[1],...,R[k]}
20 for k=1to |R| do

21 ‘ Calculate the average classification accuracy ACC(R,) using the specified classifier
22 end
23 kop, < arg maXge(; . |r|} ACCRy) Sup, — Rkopl

24 return S,

matrices and the current subset-level relation are cached. In implementation, after a feature is appended to S, the subset relation
is incrementally updated by an elementwise minimum operation between the previous subset matrix and the newly selected fea-
ture matrix, avoiding reconstruction from all selected features. Therefore, the classifier-independent ranking stage has complexity
O(n*(mK + m?)). The final subset-evaluation stage examines m nested subsets, contributing O (Y, Teya (1, 1)), Where Ty (n, r) de-
notes the cost of evaluating an r-feature subset under the specified classifier and validation protocol. Hence, the overall complexity
of CASR-FS is O (r*(mK + m?) + 31| Teya(n, 7).

4. Experiments and analysis

This section presents the experimental setup and results used to evaluate CASR-FS. The proposed method is compared with eight
representative feature selection methods on fourteen public datasets.

All experiments were performed within the PyCharm integrated development environment using Python. The hardware platform
was a personal computer equipped with an AMD Ryzen 7 5800H processor and 16 GB of RAM, running a 64-bit Windows 10 operating
system.

4.1. Datasets and data preprocessing

To evaluate CASR-FS on public benchmarks, we selected 14 publicly available benchmark datasets (available from the UCI Machine
Learning Repository: https://archive.ics.uci.edu/). Detailed statistical information is summarized in Table 2.

An additional column “IR” is introduced to indicate the imbalance ratio, calculated as the ratio of samples in the majority class
to those in the minority class. For multi-class datasets, IR is computed as the ratio between the largest and smallest class sizes.

Because CASR-FS is designed for interval-valued data, the real-valued benchmark datasets were converted into interval-valued
form before feature selection. This preprocessing step simulates uncertainty around real-valued observations, so the experimental
results should be interpreted under this intervalization rule. Given the real-valued information system (O, F U C), for each feature
f; € F and each object o; € O, we set [;; = f;(0;) — 2std and u;; = f;(0;) + 2std [33], where std denotes the standard deviation of the
feature values within the class to which o; belongs under feature f;.

4.2. Performance evaluation and classifiers

To provide a comprehensive and unbiased assessment, we employed three distinct classifiers to gauge the quality of the selected
feature subsets: K-Nearest Neighbors (KNN), Support Vector Machine (SVM), and Decision Tree (DT). The classifiers were implemented
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Table 2
The basic statistical information of experimental datasets.

No. Datasets Abbreviation ~ Samples  Features  Classes IR

1 GLIOMA GLIOMA 50 4434 4 2.14
2 colon colon 62 2000 2 1.82
3 LSVT Voice Rehabilitation LSVT 126 313 2 2.0
4 Toxicity Toxicity 171 1203 2 2.05
5 Darwin Darwin 174 450 2 1.1
6 Parkinsons Parkinsons 195 23 2 3.1
7 Connectionist Bench (Sonar, Mines vs. Rocks) Sonar 208 60 2 1.1
8 Dermatology Dermatology 366 34 6 5.6
9 Breast Cancer Wisconsin (Diagnostic) BCWD 569 30 2 1.7
10 Hill-Valley Hill-Valley 606 100 2 1.0
11 HCV data HCV 615 12 4 25.7
12 South German credit SGC 1000 20 2 2.3
13 Image segmentation Image 2310 19 7 1.0
14 Abalone Abalone 4177 8 28 689.0

with fixed parameters to avoid dataset-specific tuning: KNN used k = 5, uniform neighbor weights, and Euclidean distance; SVM used
an RBF kernel with C =1 and y = scale; and DT used the Gini criterion with the best-split strategy.

The evaluation focused on four aspects. Classification accuracy served as the primary indicator of subset effectiveness, while
Macro-F1 was additionally reported to assess balanced class-wise performance under class imbalance. The final subset was selected
according to cross-validated accuracy because it directly reflects the downstream classification performance of the selected feature
subset. For a K-class problem, Macro-F1 is formally defined as

K

1
M -Fl = — F1,. 14
acro KZ{ X 14

2 - Precision; - Recall,
Fl, = — . (15)
Precision,; + Recall;

Each class therefore contributes equally to the final Macro-F1 score, regardless of its sample size. The number of selected features and
the algorithm’s running time were further recorded to evaluate subset compactness and computational efficiency. The performance of
each feature selection algorithm was evaluated using a five-fold cross-validation strategy to ensure the reliability and stability of the
results, and all reported results are averages over the five folds. The folds were generated by stratified five-fold partitioning so that
the class distribution of each fold was as close as possible to that of the full dataset. In addition, Friedman and Wilcoxon signed-rank
tests were used in Section 4.4.5 to examine the statistical significance of the observed performance differences.

4.3. Compared algorithms

To evaluate CASR-FS, we compared it with eight representative feature selection methods and a baseline using the full original
feature set. A brief description of each comparison method is given below.

(1) Original dataset: Classification is performed using all conditional attributes of the complete dataset.

(2) KND-UFS [34]: An unsupervised method that integrates fuzzy c-means clustering and k-nearest neighbors rough sets.

(3) W-MGMN [35]: An incremental matrix-based method for evaluating feature importance.

(4) LFSACIE [22]: A fuzzy feature selection method for unbalanced data that uses a local composite entropy to evaluate features.

(5) GLSFS [20]: A graph-driven feature selection method for interval-valued data that combines graph theory with granular-
rectangular neighborhood rough sets.

(6) FFS-MCC [32]: This method combines approximation and fuzzy uncertainty measures to evaluate features based on multi-
correlation collaboration.

(7) INF-FS [27]: A graph-based filter framework in which features are treated as nodes and the edges between them represent
correlation and redundancy.

(8) KNCMI [21]: This method employs an iterative strategy that integrates the §-neighborhood with k-nearest neighbors and uses
information entropy to evaluate feature importance and perform feature selection.

(9) CMIM [26]: A filter method that sequentially selects features by maximizing the conditional mutual information with the class
label, given the already selected features.

For comparison methods originally designed for single-valued information systems, had each interval-valued feature converted
into a single-point representation by midpoint extraction before applying the corresponding algorithm.

4.4. Evaluation results

Fig. 2 presents the evaluation framework used in the experiments. The compared methods differ in their output forms: KND-UFS,
W-MGMN, and LFSACIE directly output feature subsets, whereas GLSFS, FFS-MCC, INF-FS, KNCMI, CMIM, and CASR-FS produce
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Fig. 2. The evaluation framework for feature selection methods.

feature rankings. For ranking-based methods, a common post-processing procedure was adopted: nested subsets induced by the
ranking were evaluated with the designated classifier, and the subset with the highest classification accuracy was selected. Therefore,
this classifier-based subset evaluation should be regarded as a unified comparison protocol rather than as part of the intrinsic ranking
mechanism of the original methods. This protocol gives ranking-based methods an additional subset-selection step compared with
methods that directly output a subset. We retain it because otherwise ranking methods would not yield a unique subset size, but this
difference should be considered when interpreting subset compactness and accuracy comparisons.

4.4.1. Classification accuracy

Tables 3-5 report the classification accuracy of all algorithms under the KNN, SVM, and DT classifiers. The “Average” row gives
the overall mean accuracy of each algorithm on the 14 datasets, and the bold numbers identify the highest accuracy on each dataset.
The following observations are obtained from Tables 3-5.

« CASR-FS achieved the highest average classification accuracy across the three classifiers: 78.26% with KNN, 75.30% with SVM,
and 75.41% with DT. Although CASR-FS was not the top-performing method on every individual dataset, these averages still
indicate favorable overall performance across different classifiers.

CASR-FS also performed well on high-dimensional data. On BCWD, GLIOMA, and colon, it achieved the highest accuracy under
multiple classifiers, and it remained competitive on Darwin and LSVT. Even on the highly imbalanced Abalone dataset, where all
methods experienced substantial performance degradation, CASR-FS still produced the best accuracy among the compared meth-
ods. This pattern is consistent with the unified objective, which combines class-balanced dependency evaluation, collaborative
feature effects, and redundancy control.

Finally, although the absolute performance of a selected subset depends on the downstream classifier, the subsets produced by
CASR-FS showed relatively stable behavior across different classifiers on several datasets. For example, on BCWD, the subset
selected by CASR-FS yielded accuracies of 97.36% with KNN, 95.96% with SVM, and 95.26% with DT. This result suggests that
the selected features retain discriminative information under different classifier biases, rather than being effective only for a
single learning algorithm.

Table 3
The comparison of classification accuracy (mean =+ std. dev. %) on KNN.

Datasets Original KND-UFS W-MGMN LFSACIE GLSFS FFS-MCC INF-FS KNCMI CMIM CASR-FS

GLIOMA 80.00 + 6.83 72.05+ 591 65.28 +6.43 66.36 +7.26 78.67 +9.08 82.64+599 78.08+7.65 83.32+526 83.76+6.22 84.00+6.19

colon 72.18 +6.47 65.71 £5.44 59.52 +8.03 60.61 +6.67 71.76 +10.12 74.99 +5.25 71.48 +895 78.08+6.82 75.74+7.82 82.05+6.93
LSVT 77.78 + 4.02  62.68 + 4.22 59.48 +4.28 65.08 +2.97 70.58 +8.74 77.02+2.66 62.65+842 83.26+6.96 76.12+8.88 89.63 +5.46
Toxicity 62.61 +5.98 57.94 +5.00 48.53 +7.58 51.06+6.16 62.33 +8.31 62.49+4.54 61.88+6.46 62.73+4.63 6297 +7.28 63.47 + 5.64
Darwin 64.29 +9.04 76.94 + 6.87 44.15+10.21 55.11 +7.14 65.93 + 14.82 76.99 +7.51 74.57 +13.23 79.00 + 5.06 81.55+7.60 81.61 +7.57
Parkinsons ~ 71.28 + 12.29 78.46 + 6.61 86.67 + 6.36 70.26 +21.85 75.90 +7.71 80.51 +8.97 76.41 +4.41 85.64+6.80 80.51 +8.97 87.18 +8.43
Sonar 54.25 +12.94 55.33 +9.20 71.72 + 11.49 52.92 +6.98 65.96 + 12.47 74.08 +10.76 60.60 +7.93 59.55+8.07 60.52 + 15.65 72.61 + 15.70
Dermatology 96.99 +3.40 76.78 +3.41 47.57 +5.63 24.06 +4.01 85.80+2.50 96.45+1.40 86.89+2.53 83.61+3.78 95.36+1.37 97.27 +1.50
BCWD 96.66 + 1.40 89.46 + 1.73 65.73 +3.32 89.46 +3.96 92.79+2.18 93.32+1.72 9279 +2.18 96.84+1.31 9297 +2.21 97.36 + 0.96
Hill-Valley  54.46 + 2.57 52.65 +5.90 49.17 +3.20 53.47 +3.22 55.61 +3.75 57.26 +3.84 55.61 +2.37 53.31 +4.23 57.26 +3.00 57.43 + 4.77
HCV 88.94 +2.75 87.15+2.02 86.99 +0.00 88.62+0.89 91.06+1.36 91.06+0.89 90.73+1.10 89.76 +1.90 92.03 +1.95 90.24 +1.15

SGC 70.70 +£ 4.99 69.60 + 1.46 70.00 + 0.00 70.00 +0.00 65.10 +2.71 65.80+2.77 65.80+2.34 72.50+ 4.34 70.00 +£0.00 75.20 + 3.03
Image 93.33 +2.48 90.65 +2.12 59.09 +3.33 63.81 +£5.37 90.22 +3.42 93.68 +1.62 90.22 +3.42 94.24 + 2.57 90.22 + 3.42 93.33 + 2.56

Abalone 23.73 +4.47 15.73 +3.21 10.00 + 4.69 10.00 +4.32 21.73 +4.42 23.42+277 21.25+3.73 23.95+3.38 23.70 +3.92 24.23 +3.71

Average 71.94 +5.69 67.94 +4.51 58.85+5.33 58.63+5.77 70.96+6.54 7498 +4.33 70.64+534 7470+4.65 74.48 +5.59 78.26 +5.26
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Table 4

The comparison of classification accuracy (mean =+ std. dev. %) on SVM.
Datasets Original KND-UFS W-MGMN LFSACIE GLSFS FFS-MCC INF-FS KNCMI CMIM CASR-FS
GLIOMA 76.00 + 6.27 64.51 +3.45 62.27 +4.48 68.34+4.89 7351360 73.78+290 69.58 +6.74 76.09+5.04 75.03+4.63 78.00+7.27
colon 77.31 £8.63 68.29 +3.11 66.54 +6.40 70.62+4.06 72.65+3.64 7552+272 71.24+7.09 7849 +4.43 75.83+553 79.10 + 6.62
LSVT 66.68 + 1.68 66.68 + 1.68 66.68 +1.68 66.68 +1.68 66.68 +1.68 80.18 +3.39 66.68 +1.68 69.08 +4.41 72.22+5.67 73.78 + 3.36
Toxicity 67.26 + 8.89 56.35+2.65 56.19+520 59.08+3.25 62.46+3.05 63.49+2.46 62.80+8.88 68.06+3.31 67.13+4.58 68.67 +6.73
Darwin 72.76 + 21.38 51.14 + 0.57 42.42+11.11 51.14 +0.57 51.14+0.57 51.14 +0.57 65.14 + 21.26 79.40 + 0.19 61.46 + 4.19 80.89 + 14.50
Parkinsons  75.38 +£1.26 75.38 +£1.26 75.38+1.26 78.46 +12.31 78.46 + 12.31 80.00 +3.40 75.38 +2.05 80.51 +4.76 80.00 + 4.97 82.05 + 4.59
Sonar 62.92 + 14.06 56.27 + 11.66 74.63 + 12.38 62.43 + 15.20 67.29 +6.39 64.40 +9.22 62.01 +8.53 62.92 +15.43 62.97 + 6.17 72.62 + 10.56
Dermatology 96.72 + 1.10 75.14 + 4.66 50.27 +1.03 3525+ 1.59 92.89+2.81 97.81 +1.40 92.89 +2.81 82.79+235 9591 +284 96.72+1.10
BCWD 95.08 +1.52 84.19 +4.59 62.74+0.39 89.46+2.53 86.12+1.50 89.63+2.80 68.18+3.42 9508 +1.52 91.38+1.99 95.96 + 1.05
Hill-Valley  50.33 +£0.17 50.66 +2.95 51.49+2.82 51.66+3.09 51.32+3.39 50.99+0.62 51.49+2.82 50.17+0.33 52.31+1.03 50.33+0.17
HCV 87.80 £ 0.00 86.99 +291 87.80+0.00 87.48+0.40 87.80+0.00 88.94+0.40 87.80+0.00 87.80+0.00 88.29 +0.65 89.43 +0.51
SGC 70.50 +4.72 69.60 +1.16 70.00 +0.00 67.30+4.26 70.00+1.30 70.00+0.32 70.20 +0.81 72.60 +5.75 70.50 +6.06 73.50 + 5.80
Image 85.06 +4.39 49.65+7.15 52.73+1.21 57.75+4.40 78.10+292 8251 +3.97 5437 +6.88 86.41 +5.09 61.21 +3.38 86.45 + 4.90

Abalone 26.36 +3.30 13.68 +3.57 11.66 +2.86 16.21 +3.57 25.67 +2.83 23.20+2.11 18.46 +3.54 26.17 +3.06 23.87 +2.75 26.70 + 3.91

Average 72.15+5.53 62.04 +3.67 59.34+3.63 61.56+4.41 68.86+3.29 70.83+259 6544 +547 72.54+398 69.86+3.89 75.30 +5.08

Table 5

The comparison of classification accuracy (mean + std. dev. %) on DT.
Datasets Original KND-UFS W-MGMN LFSACIE GLSFS FFS-MCC INF-FS KNCMI CMIM CASR-FS
GLIOMA 66.00 +9.06 57.30 +£8.21 54.44+7.15 56.26 +4.64 67.06 +7.67 67.21 +5.88 66.73 +5.91 67.49+5.73 67.47 +6.04 68.00 + 5.55
colon 71.03 +10.03 64.04 +£8.26 63.05+7.22 63.21 +5.38 76.15+8.32 75.74+541 7480+7.34 7541+529 76.75+7.18 77.31+5.67
LSVT 83.38+9.12 61.88+6.62 81.69+6.09 66.68+1.68 84.86+ 10.89 85.66 + 6.56 87.29 +5.32 86.49 +4.12 86.49 +7.44 86.52 + 6.94
Toxicity 52.59 + 8.64 44.27 +7.45 4537 +£6.61 44.49+4.99 56.50 +7.29 5873 +£5.65 56.75+6.60 57.53+4.66 58.58+6.31 60.22 +5.75
Darwin 69.43 + 13.51 67.65 +15.50 56.92 + 10.27 67.82 +7.95 77.53 +7.77 81.03 +£591 78.64+11.54 77.89 +3.10 82.08 +9.48 83.31 +7.15
Parkinsons  69.74 + 14.45 73.33 + 13.03 66.15 +7.50 83.59 +8.21 80.00 + 6.76 83.59 +8.21 81.54 +5.23 81.54 +6.36 86.67 +10.05 85.13 + 10.05
Sonar 60.22 + 13.73 61.53 +£3.41 62.11 +9.54 64.45+8.10 69.33 £8.62 68.79 +11.61 68.40 + 11.20 65.99 + 13.13 69.28 + 4.83  69.76 + 6.33
Dermatology 93.18 +3.10 73.77 + 6.44 35.80 +1.18 35.25+1.59 93.46 + 3.65 93.18 + 2.57 92.35+4.11 85.52+2.92 91.53+220 93.45+3.03
BCWD 91.73 +2.42 9227 +1.71 84.70 £3.65 92.97 +2.28 94.73 +0.96 95.26 +2.04 94.03 + 0.65 94.38 +1.72 94.03 +1.28 95.26 +1.31
Hill-Valley  57.75 + 3.44 50.82 + 454 53.46 +2.97 52.15+5.24 60.89 +3.03 59.90 +1.52 57.76 + 2.01 56.61 +2.67 59.57 + 2.44 62.22 + 4.99
HCV 90.41 +2.74 62.44 +17.20 86.02 +2.93 87.80+1.85 90.57 +2.44 90.08 +1.30 89.92+2.33 89.27 +3.14 90.24 +2.24 90.73 + 2.16
SGC 66.70 + 4.88 63.70 £5.94 67.30 +3.26 70.00 +0.00 66.10 +3.68 67.70 +2.62 67.70 +4.03 69.10+3.93 70.00 +0.00 68.20 + 4.32
Image 95.28 +1.32 94.59 +1.58 50.91 +3.54 20.48 +3.34 95.15+1.51 95.02+1.42 95.15+2.06 94.81+1.74 9545+1.46 95.58+1.53

Abalone 19.75 +4.68 11.02+5.73 10.00 + 4.04 10.00 +3.33 18.79 +3.14 19.31 +3.52 18.54+3.38 19.76 +3.53 19.59 +2.75 20.09 + 3.17

Average 70.51 +£7.22 62.76 +7.54 58.42+5.43 58.23+4.18 73.65+5.41 7437459 7354+512 7298 +443 74.84+455 75.41+4.85

4.4.2. Macro-F1 performance analysis

To further assess the effectiveness of CASR-FS in class-imbalanced settings, we analyzed the experimental results using Macro-F1
from two complementary perspectives: average performance across all datasets and trend analysis under different imbalance ratios.
Compared with overall accuracy, Macro-F1 places greater emphasis on balanced class-wise performance and is therefore particularly
suitable for evaluating feature selection methods under class imbalance.

Fig. 6 presents the average Macro-F1 scores of the nine feature selection methods on the 14 datasets under the three classifiers.
CASR-FS achieves the highest average Macro-F1 score in all three cases. This observation suggests that the subsets selected by CASR-
FS provide more balanced class-wise discrimination across datasets, which is consistent with the class-balanced dependency design
in the unified objective function. The similar tendency across KNN, SVM, and DT also suggests that this behavior is not limited to a
single downstream classifier.

To further investigate how CASR-FS performs under varying degrees of class imbalance, Figs. 3-5 present the Macro-F1 scores
on all 14 datasets ordered by imbalance ratio (IR) under the three classifiers. For visual clarity, the eight comparative methods are
divided into two groups in each figure: panel (a) includes KND-UFS, W-MGMN, LFSACIE, and GLSFS, whereas panel (b) includes
FFS-MCC, INF-FS, KNCMI, and CMIM.

Several observations can be drawn from this trend analysis. On balanced datasets such as Hill-Valley (IR = 1.0) and Image
(IR = 1.0), CASR-FS remains competitive, indicating that its class-imbalance-aware design does not noticeably reduce effectiveness
on balanced data. On moderately imbalanced datasets such as colon (IR = 1.82), LSVT (IR = 2.0), Toxicity (IR = 2.05), and GLIOMA
(IR = 2.14), CASR-FS shows a more noticeable advantage over several compared methods. On more imbalanced datasets such as
Dermatology (IR = 5.6), HCV (IR = 25.7), and especially Abalone (IR = 689), the Macro-F1 values of all methods decline, but CASR-
FS still maintains relatively strong and stable behavior across different imbalance levels. Beyond these Macro-F1 trends, the overall
accuracy and classifier-specific results also include cases where CASR-FS is not the best method. For example, CMIM performs better
on HCV under KNN, FFS-MCC is stronger on LSVT and Dermatology under SVM, and CMIM or LFSACIE can be competitive on some
DT settings. These cases suggest that when the class structure is already well captured by a conditional mutual-information criterion
or when a simple tree classifier benefits from a different partitioning bias, the collaborative redundancy modeling in CASR-FS may
not always yield the top score. Thus, the results should be interpreted as overall favorable rather than uniformly dominant.

11



W. Xuand Y. Lv Information Sciences 756 (2026) 123865

100

90

5 B
3 s ™
5 5
g g
= =
60
=~ KND-UFS F=—Frs-mcd]
& W-MGMN| 504 @ INF-FS
A~ LFSACIE —A— KNCMI
¥ GLSFS v CcMIM
4 CASR-FS 9 CASR-FS
40
: : T T : : T T : : T T : —
A o & & id v\\" & & &
& @ S @C’\ s FE T
& < < © S
R WS
(a) (b)

Fig. 3. Macro-F1 scores for the KNN classifier across all datasets sorted in ascending order of imbalance ratio.
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Fig. 4. Macro-F1 scores of the SVM classifier across all datasets sorted in ascending order of imbalance ratio.
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Fig. 5. Macro-F1 scores of the DT classifier across all datasets sorted in ascending order of imbalance ratio.

4.4.3. Number of selected features

This section analyzes the dimensionality reduction capabilities of the compared algorithms, with detailed results on the number

of selected features presented in Tables 6-8. The “Average” column reports the mean number of selected features for each algorithm
across all datasets.

Although all methods achieve a substantial reduction in feature space, a crucial challenge in feature selection lies in striking an
optimal balance between reducing dimensionality and preserving classification performance. An analysis of the results reveals a clear
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Fig. 6. The average Macro-F1 scores of nine FS methods using three classification algorithms across all datasets.
Table 6
Number of selected features on KNN.
Datasets Original KND-UFS W-MGMN LFSACIE GLSFS FFS-MCC INF-FS KNCMI CMIM CASR-FS
GLIOMA 4434 209 235 348 2647 925 1113 1024 1068 92
colon 2000 97 105 137 1043 446 481 399 402 39
LSVT 313 8 176 22 111 145 26 118 61 32
Toxicity 1203 68 72 85 541 250 161 189 228 67
Darwin 450 12 18 10 334 18 19 42 22 4
Parkinsons 23 6 3 4 7 5 2 4 5 4
Sonar 60 4 34 4 24 28 3 5 10 39
Dermatology 34 6 5 3 29 27 33 14 28 31
BCWD 30 4 5 4 28 28 25 27 26 29
Hill-Valley 100 7 15 10 72 14 21 8 11 9
HCV 12 4 1 4 8 10 12 3 2 4
SGC 20 6 4 2 12 19 13 8 11 8
Image 19 12 2 2 14 16 13 12 17 11
Abalone 8 3 1 2 6 6 6 4 7 5
Average 621.86 31.86 48.29 45.50 348.29 138.36 137.71 132.64 135.57 26.71
Table 7
Number of selected features on SVM.
Datasets Original KND-UFS W-MGMN LFSACIE GLSFS FFS-MCC INF-FS KNCMI CMIM CASR-FS
GLIOMA 4434 209 235 348 1011 683 1171 1024 534 78
colon 2000 97 105 137 552 266 410 363 227 46
LSVT 313 8 176 22 96 84 16 6 48 24
Toxicity 1203 68 72 85 403 170 218 294 138 91
Darwin 450 12 18 10 408 76 6 24 27 80
Parkinsons 23 6 3 4 7 10 11 12 13 3
Sonar 60 4 34 4 16 15 17 58 9 7
Dermatology 34 6 5 3 32 33 33 14 33 32
BCWD 30 4 5 4 24 11 13 29 19 8
Hill-Valley 100 7 15 10 2 4 19 2 7 8
HCV 12 4 1 4 8 4 6 1 1 7
SGC 20 6 4 2 12 19 14 12 11 14
Image 19 12 2 2 14 17 12 10 17 11
Abalone 8 3 1 2 7 7 6 5 7 6
Average 621.86 31.86 48.29 45.50 185.14 99.93 139.43 132.43 77.93 29.64

trade-off between the number of selected features and classification performance. Methods such as KND-UFS and LFSACIE generally
select the smallest feature subsets, or among the smallest, on average. However, as detailed in Section 4.4.1, this aggressive reduction
strategy often comes at the cost of reduced classification performance. This suggests that purely minimizing feature count may discard
features carrying important discriminative information.
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Table 8

Number of selected features on DT.
Datasets Original KND-UFS W-MGMN  LFSACIE  GLSFS  FFS-MCC INF-FS KNCMI CMIM  CASR-FS
GLIOMA 4434 209 235 348 3469 2086 2146 2454 2278 303
colon 2000 97 105 137 1487 782 975 1180 881 153
LSVT 313 8 176 22 205 194 120 208 305 185
Toxicity 1203 68 72 85 917 507 637 542 477 302
Darwin 450 12 18 10 434 48 428 28 88 95
Parkinsons 23 6 3 4 15 3 8 6 2 12
Sonar 60 4 34 4 19 31 22 55 15 49
Dermatology 34 6 5 3 30 26 32 14 27 33
BCWD 30 4 5 4 21 14 13 16 19 5
Hill-Valley 100 7 15 10 31 74 24 10 12 15
HCV 12 4 1 4 10 7 7 12 10 11
SGC 20 6 4 2 13 19 8 9 7 18
Image 19 12 2 2 18 17 11 18 14 12
Abalone 8 3 1 2 7 5 5 5 6 6
Average 621.86 31.86 48.29 45.50 476.86 272.36 316.86 325.50 295.79 85.64

Table 9

The comparison of the running time (in seconds) of nine FS methods.

Datasets KND-UFS W-MGMN LFSACIE GLSFS FFS-MCC INF-FS KNCMI CMIM CASR-FS
GLIOMA 6.00 0.01 22.48 17.27 2500.00 3.08 440.36 1155.68 53.46
colon 1.76 0.01 24.48 9.23 1422.47 1.09 257.34 303.50 17.65
LSVT 1.07 0.02 14.62 1.09 64.85 0.27 899.45 10.66 4.53
Toxicity 4.63 0.03 26.48 9.59 639.36 0.72 436.37 256.40 50.29
Darwin 1.79 0.09 44.28 2.55 132.50 0.48 16.18 50.16 12.92
Parkinsons 0.20 0.04 17.88 0.10 0.38 0.01 7.31 0.09 0.12
Sonar 0.35 0.03 29.94 0.40 2.44 0.01 29.04 0.66 0.48
Dermatology 1.17 0.24 12.24 0.01 1.00 0.01 4.65 0.35 1.23
BCWD 0.80 0.22 31.52 0.38 0.87 0.01 19.47 0.41 1.95
Hill-Valley 3.69 0.16 15.52 1.18 6.65 0.04 386.10 4.66 20.18
HCV 1.83 0.19 12.02 0.07 0.22 0.01 10.62 0.07 0.51
SGC 1.20 0.56 13.22 0.04 0.48 0.01 30.33 0.32 3.41
Image 12.24 1.93 16.36 0.36 1.28 0.03 152.59 0.65 18.92
Abalone 151.63 3.11 3.24 0.01 0.30 0.01 8.92 0.17 13.57
Average 13.45 0.47 20.31 3.02 340.91 0.41 192.77 127.41 14.23

In contrast, CASR-FS shows a favorable balance between these two competing objectives. Although it is not designed to produce
the smallest possible subset, CASR-FS selects relatively compact subsets under KNN and SVM, with average sizes of 26.71 and 29.64,
respectively, compared with 621.86 original features on average. Under DT, the average subset size is larger (85.64), indicating that
the selected subset size is classifier-dependent under the adopted evaluation protocol. Combined with the accuracy results reported
earlier, this suggests that CASR-FS can retain competitive classification performance while often maintaining relatively compact
subsets. This behavior is consistent with its objective function, which emphasizes class-balanced discriminative ability, collaborative
feature effects, and redundancy control. Overall, the results suggest that CASR-FS provides a favorable trade-off between subset
compactness and classification performance.

4.4.4. Computational efficiency

The running time of all feature selection methods, recorded in seconds, is presented in Table 9. The results indicate that com-
putational efficiency varies significantly depending on the underlying algorithmic approach. Simpler subset-based methods, such as
W-MGMN and INF-FS, consistently exhibit the lowest run-times due to their more direct feature evaluation mechanisms.

In contrast, CASR-FS incurs a higher computational cost than simpler methods, mainly because it requires FKG construction and
interaction-aware subset evaluation. Nevertheless, on high-dimensional datasets such as GLIOMA, colon, and Toxicity, its runtime
remains markedly lower than that of several accuracy-oriented methods. These include FFS-MCC, KNCMI, and CMIM. Although it is
still slower than graph-based INF-FS and the lightweight W-MGMN baseline, CASR-FS shows a substantially more moderate runtime
profile than several strong but expensive alternatives.

Overall, the runtime of CASR-FS can be regarded as moderate among the compared methods. Although it is not the most efficient
algorithm, it remains computationally less demanding than several other competitive methods on challenging high-dimensional
datasets. Combined with the classification results in Section 4.4.1, this suggests that CASR-FS provides a reasonable balance between
computational cost and classification performance.
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Table 10
Average ranking of classification accuracy of the nine algorithms.

Classifier KND-UFS W-MGMN LFSACIE GLSFS FFS-MCC INF-FS KNCMI CMIM CASR-FS

KNN 6.75 7.61 7.57 5.46 3.43 5.82 3.50 3.36 1.50
SVM 7.82 7.21 6.64 5.14 3.86 5.82 3.46 3.32 1.71
DT 8.07 8.11 7.11 4.25 3.68 4.79 4.57 2.96 1.46
Table 11
Results of the Friedman test.
Classifier Friedman statistic ,(% p-value
KNN 20.96 69.12 7.34x 10712
SVM 16.47 62.60 1.44 x 10710
DT 32.12 79.73  554x 1071

Table 12
P-values of the Wilcoxon signed-rank test.

KND-UFS W-MGMN LFSACIE GLSFS FFS-MCC INF-FS KNCMI CMIM

KNN <0.01 <0.01 <0.01 <0.01 0.01 <0.01 <0.01 <0.01
SVM <0.01 <0.01 <0.01 <0.01 0.02 <0.01 <0.01 <0.01
DT <0.01 <0.01 <0.01 <0.01 <0.01 <0.01 <0.01 0.06

4.4.5. Statistical testing

To assess whether the observed performance differences are statistically significant, we performed a two-stage statistical analysis
using non-parametric tests. First, a Friedman test was conducted to determine whether statistically significant differences exist among
the compared algorithms. The corresponding statistics are defined as

T -2
Fp=— 1 (16)
T(s—1)— X
, 2T o 2 S5+ 1)

where T and s are the numbers of experimental datasets and algorithms, respectively, and R; represents the average ranking value
of the classification accuracy results of algorithm i under different classifiers.

As shown in Table 10, CASR-FS achieved the best average rank among the three classifiers. The results of the Friedman test,
detailed in Table 11, show p-values well below the significance level of a« = 0.05 for all classifiers. The null hypothesis that all
algorithms perform equally is therefore rejected, indicating that further pairwise analysis is warranted.

Following the Friedman test, we employed the Wilcoxon signed-rank test for pairwise comparisons between CASR-FS and each
competing method. The resulting p-values are presented in Table 12. For KND-UFS, W-MGMN, LFSACIE, GLSFS, INF-FS, and KNCMI,
the p-values are below 0.01 across the reported classifiers, indicating statistically significant differences in favor of CASR-FS.

Compared with FFS-MCC, the difference remains statistically significant on all three classifiers, although the margins are weaker
on KNN (p = 0.01) and SVM (p = 0.02) than for most other baselines. Compared with CMIM, CASR-FS is statistically significant on
KNN and SVM, but not on DT (p = 0.06). Therefore, the null hypothesis cannot be rejected for the CASR-FS versus CMIM comparison
on DT at a = 0.05. This indicates that, although CASR-FS often attains better average performance, the observed pairwise differences
are not uniformly significant against the strongest baselines on every classifier.

5. Conclusion and future work

This paper presented CASR-FS, a fuzzy-rough feature selection method for class-imbalanced interval-valued data. CASR-FS is
built on a unified objective in which class-balanced dependency evaluation, feature interaction modeling, and adaptive conditional
redundancy control are integrated within a single selection criterion. Specifically, the method combines a macro-averaged dependency
measure, an FJMI-based collaborative gain term, and an adaptive redundancy penalty, so that the selected subset can balance class
sensitivity, discriminative ability, complementarity, and redundancy control.

Experiments on fourteen public datasets with multiple classifiers support the usefulness of combining class-sensitive depen-
dency evaluation, collaborative gain, and redundancy control for interval-valued feature selection. The average accuracy, Macro-F1,
and subset-size results indicate that CASR-FS can identify discriminative subsets under class-imbalanced interval-valued settings.
Nevertheless, CASR-FS is not uniformly optimal on every dataset and classifier. Therefore, the results should be understood as showing
an overall favorable feature-selection framework rather than a universally dominant method.

Although CASR-FS performs well, several directions remain for future work. One is to improve computational efficiency, since
fuzzy information-theoretic measures can become costly on large-scale datasets. In particular, object-level fuzzy similarity matrices
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require substantial memory when the sample size is large, so sparse storage, blockwise computation, and approximate neighbor-
based similarity construction deserve further study. Another limitation is that the current experiments use public real-valued datasets
converted into intervals by a fixed +2std rule; future work should include more naturally interval-valued datasets to further examine
external validity. Matrix-based acceleration techniques or incremental learning mechanisms may help improve scalability. Another
direction is to extend the current framework from static datasets to dynamic or streaming scenarios, where feature relevance and
interactions may evolve over time. In addition, more flexible adaptive weighting schemes for the collaborative and redundancy terms
may further improve robustness across different data characteristics.
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